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Abstract—This paper provides ready-to-use equations to describe variations in uranium-series (U-series)
disequilibrium as a function of elemental distribution coefficients, melting porosity, melting rate, and melting
time. The effects of these melting parameters on U-series disequilibria are quantitatively evaluated in both an
absolute and relative sense. The importance of net elemental fractionation and ingrowth of daughter nuclides
are also described and compared in terms of their relative contributions to total U-series disequilibrium. In
addition, we compare the production of U-series disequilibrium during mantle melting to trace element
fractionations produced by melting in a similar context. Trace element fractionations depend externally on the
degree to which a source is melted, whereas U-series disequilibrium depends upon both the degree and rate
of melting. In contrast to previous models, our approach to modeling U-series disequilibrium during dynamic
melting collapses simply to a description of trace element behavior during dynamic melting when the
appropriate decay terms are omitted. Our formulation shows that extremely small degrees of melting,
sometimes called upon to explain observed extents of U-series disequilibrium, are not always
required. Copyright © 2000 Elsevier Science Ltd

1. INTRODUCTION

238U decays to stable206Pb, and235U decays to stable207Pb
via two different chains of short-lived intermediate nuclides
with a wide range of half-lives. Among these intermediate
nuclides,230Th and226Ra from238U and231Pa from235U are
of particular importance to the study of melt generation and
extraction. The half-lives of230Th, 226Ra and231Pa are 75,200
y, 1600 y, and 32,800 y, respectively, and bracket the time
scales of melt generation and extraction. In addition, mantle
sources can be safely assumed to be in radioactive equilibrium
regardless of their chemical compositions, which avoids uncer-
tainties in initial source composition before melting. Therefore,
observed secular disequilibria among the uranium-series (U-
series) nuclides in young lavas may provide important infor-
mation on mantle melting processes and the time scales of melt
generation (e.g., Alle`gre and Condomines, 1982; Rubin and
Macdougall, 1988; Lundstrom et al., 1995; Bourdon et al.,
1996). Quantitative models that relate the extents of U-series
disequilibria to the melting process have been proposed by
Mckenzie (1985), Williams and Gill (1989), Spiegelman and
Elliott (1993), Qin (1993), Iwamori (1994), and Richardson and
McKenzie (1994). Previous modeling of U-series disequilibria
during dynamic partial melting with instant melt extraction has
expressed (230Th/238U) and (226Ra/230Th) in young magmas as
functions of porosity (f) and melting rate (Ṁ) by assuming that
the melting time,T, approaches infinity (McKenzie, 1985;
Beattie, 1993a; Chabaux and Alle`gre, 1994). Williams and Gill
(1989) further incorporated melting time into the expressions
for (230Th) and (226Ra). However, when setting all decay con-
stants to be zero, their equations (Eqns. A16, A17, and A20) do

not collapse to the description of trace element behavior in the
extracted melt during dynamic melting. The principal aims of
this paper are:

1. to obtain three general ready-to-use equations, describing
the variations of (230Th/238U), (226Ra/230ThU), and (231Pa/
235U) in recent magmas, as functions off, Ṁ, andT;

2. to quantitatively investigate the effect off, Ṁ, T and the
distribution coefficients of U and Th on U-series disequilib-
ria in young lavas; and

3. to quantify the relative contributions from net elemental
fractionation and ingrowth of daughter nuclides to the total
U-series disequilibria.

2. DERIVATION OF EQUATIONS

If solid and melt are in equilibrium during partial melting,
the conservation law which is concerned with the concentration
of a radioactive and radiogenic nuclide in the solid and melt is
given by McKenzie (1985) as the following differential equa-
tion

@rf f 1 rs~1 2 f! Dd#
­Cf

d

­t
5 ~Dd 2 1!Cf

dṀ 2 ld@rf f 1

rs~1 2 f! Dd#Cf
d 1 lp@rf f 1 rs~1 2 f! Dp#Cf

p (1)

The first term on the right-hand side is the melting term; the
second term on the right-hand side is the radioactive decay of
the nuclide; and the last term on the right-hand side represents
the radiogenic production by the parent of the nuclide.Cf

d and
Cf

p are the concentrations of the nuclide and its parent in the
melt, respectively.Dd andDp are the distribution coefficients of
the nuclide and its parent, respectively.rs is the density of the
solid (3300 kg/m3), rf is the density of the melt (2800 kg/m3),
f is the volume porosity of the mantle,Ṁ is the melting rate
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(kg/m3/y), ld andlp are the decay constants of the nuclide and
its parent, respectively. The solid concentration of the nuclide
Cs

d is related toCf
d by Cs

d 5 DdCf
d and the solid concentration

of its parentCs
p is related toCf

p by Cs
p 5 DpCf

p.
Eqn. 1 can be scaled as

­~Cf
d!

­t
5 2 ~ad 1 ld!~Cf

d! 1 ld

Fd

Fp
~Cf

p! (2)

where

ad ~f,Ṁ! 5
~1 2 Dd!Ṁ

rff 1 Ddrs~1 2 f!
(3)

Fi~f! 5
rf f

Di rs~1 2 f! 1 rf f
(4)

and(Cf
d) and(Cf

p) are the activities [defined as the product of its
concentrationC and decay constantl, and denoted by paren-
theses,(Cf

d) 5 ldCf
d, and (Cf

p) 5 lpCf
p] of the nuclide and the

parent nuclide in the melt, respectively.ad is the melting
parameter for the nuclide and has the same dimension (y21) as
the radioactive parameterl. The subscripti in Eqn. 4 may
represent a daughter or its parent.

Eqn. 2 can be used to model the uranium decay series
(U-series) nuclides in the residual melt during dynamic partial
melting:

d~238U!f

dt
5 2 ~aU 1 l238!~

238U!f (5)

d~230Th!f

dt
5 2 ~aTh 1 l230!~

230Th!f 1 l230

FTh

FU
~238U!f

(6)

d~226Ra!f

dt
5 2 ~aRa 1 l226!~

226Ra!f 1 l226

FRa

FTh
~230Th!f

(7)

(238U)f, (230Th)f, and (236Ra)f, and are the activities of238U,
230Th, and226Ra in the residual melt. Eqn. 5 is different from
Eqn. 6 and Eqn. 7 because238U, unlike 230Th or 226Ra, has no
parent. For dynamic melting, the melting rate (Ṁ) is constant in
the upwelling material and the melt fraction (f) in equilibrium
with the matrix remains constant because additional melt is
drained into a melt channel (the details of the model are shown
in Figure 3 in McKenzie, 1985; Figure 3 in Elliott, 1997; and
Figures 1 and 3 in Zou, 1998). In this case, botha andF are
independent of time (see Eqns. 3 and 4) and the system of
differential Eqns 5–7 has explicit solutions:

~238U!f 5 ~238U!f
0 exp@ 2 ~aU 1 l238!t# (8)

~230Th!f 5 ~230Th!f
0 exp@ 2 ~aTh 1 l230!t#

1
l230

aTh 1 l230 2 aU 2 l238

FTh

FU
~238U!f

0 $exp@ 2 ~aU 1 l238!t#

2 exp@2~aTh 1 l230!t#% (9)

~226Ra!f 5 ~226Ra!f
0 exp@ 2 ~aRa 1 l226!t#

1
l226

aRa 1 l226 2 aTh 2 l230

FRa

FTh
~230Th!f

0

$exp@ 2 ~aTh 1 l230!t# 2 exp@ 2 ~aRa 1 l226!t#%

1
l230l226

aTh 1 l230 2 aU 2 l238

FRa

FU
~238U!f

0

5
exp@ 2 ~aU 1 l238!t# 2 exp@ 2 ~aRa 1 l226!t#

aRa 1 l226 2 aU 2 l238

2
exp@ 2 ~aTh 1 l230!t# 2 exp@ 2 ~aRa 1 l226!t#

aRa 1 l226 2 aTh 2 l230

6 (10)

The solutions for the residual melt are the same as those
obtained by McKenzie (1985) for (238U)f and (230Th)f , and
Williams and Gill (1989) for (226Ra)f except that the decay
constant of238U (l238) is included here. As basalts are consid-
ered as extracted melts, the next important step is to derive the
equations for the extracted melt from the solutions for the
residual melt. The real difference of this study from previous
ones starts from this step. The238U, 230Th and226Ra activities
of the extracted melt produced by dynamic melting will be
average values of the residual melt. An average activity of a
nuclide in the extracted melt, (C), can be approximately ob-
tained by averaging relative to melting time (T) (e.g., McKen-
zie, 1985; Chabaux and Alle`gre, 1994),

~C! 5
1

TE
0

T

~Cf ~t!!dt (11)

The accurate activity of the nuclide in the extracted melt will be
the average values of these functions for the residual melt with
respect toX, the mass fraction of extracted melt relative to the
initial amount (Williams and Gill, 1989)

~C! 5
1

XE
0

X

~Cf ~X!!dX 5
1

XE
0

T

SCf ~t!
dX

dtDdt (12)

Another key for the derivation of the equation for (C) is to
accurately expressX as a function off, Ṁ, and t in order to
obtaindX/dt in Eqn. 12.X is related toṀe (the melt extraction
rate),f, andt by the following relationship (Zou, 1998)

X 5 1 2 expF 2
Ṁe

rf f 1 rs~1 2 f!
tG (13)

whereṀe is related to the melting rateṀ by (Zou, 1998)

Ṁ

Ṁe
5

rs ~1 2 f!

rf f 1 rs ~1 2 f!
(14)

Combining Eqn. 13 with Eqn. 14, we obtain

X~f,Ṁ,t! 5 1 2 expF 2
Ṁ

rs~1 2 f!
tG (15)

Consequently,
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dX

dt
5

Ṁ

rs~1 2 f!
expF 2

Ṁ

rs~1 2 f!
tG (16)

Combining Eqn. 12, Eqn. 16 with Eqns. 8–10, respectively, we
have

~238U! X

u
5

~238U!f
0

aU 1 l238 1 u
$1 2 exp@ 2 ~aU 1 l238 1 u !T#%

(17)

~230Th! X

u
5

l230

aTh 1 l230 2 aU 2 l238

1

aU 1 l238 1 u

FTh

FU
~238U!f

0

$1 2 exp@ 2 ~aU 1 l238 1 u !T#%

1

~aTh 1 l230 2 aU 2 l238!~
230Th!f

0 2 l230SFTh

FU
D ~238U!f

0

~aTh 1 l230 1 u !~aTh 1 l230 2 aU 2 l238!

$1 2 exp@ 2 ~aTh 1 l230 1 u !T#% (18)

~226Ra! X

u

5
l230l226

~aTh 1 l230 2 aU 2 l238!~aRa 1 l226 2 aU 2 l238!

FRa

FU
~238U!f

0
1 2 exp@ 2 ~aU 1 l238 1 u !T#

aU 1 l238 1 u

1
1

aRa 1 l226 2 aTh 2 l230

3 3 l226

FRa

FTh
~230Th!f

0 2

l230l226

aTh 1 l230 2 aU 2 l238

FRa

FU
~238U!f

04
3

1 2 exp@ 2 ~aTh 1 l230 1 u !T#

aTh 1 l230 1 u
1

3 ~226Ra!f
0 2

l226

aRa 1 l226 2 aTh 2 l230

FRa

FTh
~230Th!f

0

1
l230l226

~aRa 1 l226 2 aTh 2 l230!~aRa 1 l226 2 aU 2 l238!

FRa

FU
~238U!f

04

1 2 exp@ 2 ~aRa 1 l226 1 u !T#

aRa 1 l226 1 u
(19)

where

u ~f,Ṁ! 5
Ṁ

rs~1 2 f!
(20)

(238U)f
0, (230Th)f

0, and(226Ra)f
0 are the initial activities of238U,

230Th, and226Ra in the first drop of the extracted melt. It should
be emphasized that, when setting all the decay constants to be
zero, Eqns. 17–19 reduce to Eqn. 14 in Zou (1998) which
describes trace element concentrations in the extracted melt in
the context of modal dynamic melting

C 5
1

X
Co$1 2 ~1 2 X!@r f f1rs~12f!# /@r f f1rs~12f! D#% (21)

The final step is to obtain ready-to-use equations for (230Th/
238U)and (226Ra/230Th). To do so, we need to know the rela-
tionship among the initial conditions (238U)f

0, (230Th)f
0, and

(226Ra)f
0 in Eqns. 17–19 so as to eventually eliminate these

initial conditions from the expressions for (230Th/238U) and
(226Ra/230Th). The relationship between (230Th)f

0 and (238U)f
0

has been given by O’Nions and McKenzie (1993) as

~230Th!f
0/~238U!f

0 5 FTh /FU (22)

Similarly, we have

~226Ra!f
0/~230Th!f

0 5 FRa/FTh (23)

~231Pa!f
0/~235U!f

0 5 FPa /FU (24)

Substituting Eqns. 22–24 into Eqns.18 and 19, we obtain

~230Th! 5
~230Th!f

0

X

u

aU 1 l238 1 u
$c1$1 2 exp@ 2 ~aU 1 l238

1 u !T#% 1 c2 $1 2 exp@ 2 ~aTh 1 l230 1 u !T#%% (25)

~226Ra! 5
~226Ra!f

0

X

u

aU 1 l238 1 u Hc3$1 2 exp@ 2 ~aU 1 l238 1 u !T#% 1 c4$1 2 exp@ 2 ~aTh 1 l230 1 u !T#%
1 c5$1 2 exp@ 2 ~aRa 1 l226 1 u !T#% J (26)

where

c1 5
l230

aTh 1 l230 2 aU 2 l238

c2 5
~aU 1 l238 1 u !~aTh 2 aU 2 l238!

~aTh 1 l230 1 u !~aTh 1 l230 2 aU 2 l238!

c3 5
l230l226

~aTh 1 l230 2 aU 2 l238!~aRa 1 l226 2 aU 2 l238!

c4 5
l226~aU 1 l238 1 u !

~aTh 1 l230 1 u !~aRa 1 l226 2 aTh 2 l230!

3
aTh 2 aU 2 l238

aTh 1 l230 2 aU 2 l238

c5 5
aU 1 l238 1 u

~aRa 1 l226 1 u !~aRa 1 l226 2 aTh 2 l230!

3 SaRa 2 aTh 2 l230 1
l230l226

aRa 1 l226 2 aU 2 l238
D

1811Uranium-series modeling



Therefore, (230Th/238U) and (226Ra/230Th) in the extracted melt are given by

~230Th!

~238U!
~f,Ṁ,T! 5

FTh

FU
Hc1 1 c2

1 2 exp@ 2 ~aTh 1 l230 1 u !T#

1 2 exp@ 2 ~aU 1 l238 1 u !T#J (27)

~226Ra!

~230Th!
~f,Ṁ,T! 5

FRa

FTh

H c3 $1 2 exp@ 2 ~aU 1 l238 1 u !T#} 1 c4 $1 2 exp@ 2 ~aTh 1 l230 1 u !T#%
1 c5 $1 2 exp @ 2 ~aRa 1 l226 1 u !T#% J

c1 $1 2 exp@ 2 ~aU 1 l238 1 u !T#% 1 c2 $1 2 exp@ 2 ~aTh 1 l230 1 u !T#%
(28)

The system of differential equations 5 and 6 for238U-230Th
systematics (rather than that of Eqns. 6 and 7 for230Th -226Ra
systematics) is also suitable for235U-231Pa systematics, there-
fore,

~231Pa!

~235U!
~f,Ṁ,T! 5

FPa

FU

Hc6 1 c7

1 2 exp@ 2 ~aPa 1 l231 1 u !T#

1 2 exp@ 2 ~aU 1 l235 1 u !T# J (29)

where

c6 5
l231

aPa 1 l231 2 aU 2 l235

c7 5
~aU 1 l235 1 u !~aPa 2 aU 2 l235!

~aPa 1 l231 1 u !~aPa 1 l231 2 aU 2 l235!

l235 and l231 are decay constants of235U and 231Pa, respec-
tively. Note thatc1 to c7 are functions off andṀ only and they
are dimensionless becausel, f, anda have the same dimen-
sion. Eqns. 27–29 are the general equations that will be used for
modeling here.

Two limit cases (whenT3 0 or T3 `) for (230Th/238U),
(226Ra/230Th) and (231Pa/235U) can be obtained from the gen-
eral Eqns. 27–29. WhenT 3 0, Eqns. 27–29 become Eqns.
22–24, which are the initial conditions, respectively. On the
other hand, whenT3 `, Eqns. 27–29 reduce to

~230Th!`

~238U!`
~f,Ṁ! 5

FTh

FU
HaU 1 l238 1 l230 1 u

aTh 1 l230 1 u J (30)

~226Ra!`

~230Th!`
~f,Ṁ! 5

FRa

FTh

aTh 1 l226 1 u

aRa 1 l226 1 u
3

F1 1
l230~aU 1 l238 2 aTh!

~aTh 1 l226 1 u !~aU 1 l238 1 l230 1 u !G (31)

~231Pa!`

~235U!`
~f,Ṁ! 5

FPa

FU
HaU 1 l235 1 l231 1 u

aPa 1 l231 1 u J (32)

If we setu, l235, andl238 to be zero, Eqn. 30 reduces to Eqn.
25 in McKenzie (1985) and Eqn. 31 reduces to the last equation
in Appendix 2 of Chabaux and Alle`gre (1994).

3. FORWARD MODELING RESULTS

The distribution coefficients of the parent and daughter nu-
clides are very important in U-series disequilibria. If the parent
has a higher distribution coefficient than the daughter, its ex-
traction from the matrix is retarded and the daughter/parent

activity ratio in the melt can be greater than 1. Experiments
(Beattie, 1993a; Beattie, 1993b; LaTourrette et al., 1992; La-
Tourrette et al., 1993; Lundstrom et al., 1994; Hauri et al.,
1994; Salters and Longhi, 1999) have shown thatDU . DTh for
garnet peridotites butDU , DTh for spinel peridotites at low
pressures. Due to experimental difficulties,DRaandDPa are not
directly known but are inferred to be very small (e.g., Pickett
and Murrell, 1997; Wood et al., 1999). Therefore, it is reason-
able to assumeDTh . DRa and DU . DPa for both garnet
peridotites and spinel peridotites.

If melting takes place in the garnet stability field (DU . DTh

. DRa andDU . DPa), thenaU , aTh , aRa andaU , aPa

(Eqn. 3). The left-hand sides of Eqns. 27–29 are all decreasing
functions of melting time (Fig. 1). At low melting times, there
is greater disequilibrium due to a strong component of net
elemental fractionation of parent and daughter at low degrees
of melting. The disequilibrium becomes smaller at high melting
times as a result of small net elemental fractionation, and the
disequilibrium is dominated by the component of in-growth of
daughter nuclides. The form of the curves in Figure 1 reflects
the transition from the former to the later with increasing time.
In addition, small porosity and slow melting rate favor high
(230Th/238U), (226Ra/230Th) and (231Pa/235U) in magmas (Fig.
1A–F), which is consistent with previous assessment by Mc-
Kenzie (1985) about the effect of melting rate and porosity on
(230Th/238U). However, the sensitivity of the daughter/parent
activity ratio to the variations off, Ṁ, andT is different for the
above three activity ratios. Both (230Th/238U) and (231Pa/235U)
are sensitive to the variations off, Ṁ, and T. In contrast,
(226Ra/230Th) is sensitive tof but very insensitive toṀ and, in
particular,T (Figs. 1B and 1E).

If melting takes place at low pressures in the spinel stability
field (DU , DTh, DTH . DRa, andDU . DPa), thenaU . aTh,
aTh , aRa, andaU , aPa. Eqn. 27 is an increasing function of
melting time while Eqns. 28–29 are still decreasing functions
of melting time (Fig. 2A–F). In contrast to the case for garnet
peridotite mantle, large porosity, fast melting rate and long
melting time in the spinel peridotite source actually favor the
generation of high (but less than 1) (230Th/238U). As for (226Ra/
230Th) and (231Pa/235U), they show the similar trends as those
for garnet peridotites. (226Ra/230Th) is still only sensitive to the
variation of porosity while (231Pa/235U) is sensitive to the
variation off, Ṁ, andT . And significant226Ra excess gener-
ally indicates that the melting porosity is small (,1%). The
great dependence of (226Ra/230Th) on melting porosity has been
discovered by Beattie (1993) from a dynamic melting model
and by Spiegelman and Elliott (1993) from a steady-state
reactive porous flow model.

Figures 1 and 2 show that the relative magnitude of the
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daughter and parent distribution coefficients actually deter-
mines whether a correlation is positive or negative between the
daughter/parent activity ratio and any one of the three param-
eters (f, Ṁ, andT). If the distribution coefficient of the daugh-
ter is smaller than that of its parent, a negative correlation is
shown between the daughter/parent activity ratio and any of the
above three parameters. For example, ifDPa , DU, then short
melting time, small porosity, and slow melting rate favor the
generation of high (231Pa/235U) values, and vice versa.

Eqn. 31 for (226Ra/230Th)` and Eqn. 32 for (231Pa/235U)`
give the minimum values for (226Ra/230Th) and (231Pa/235U),
respectively. As for Eqn. 30 for (230Th/238U)`, it gives the
minimum values if melting takes place in a garnet peridotite
source and a maximum value for melting of a spinel peridotite
source. In addition, Eqn. 31 for (226Ra/230Th)` in general gives
a value that is very close to the exact solution from Eqn. 28 no
matter how long the melting time is. Eqns. 30 and 32 give

approximately correct daughter/parent activity ratios when the
melting time is long or when the fraction of the extracted melt
is high. According to Figs. 1 and 2, whenT is close to about 106

years, the values calculated from Eqns. 30 and 32 would be
very close to the exact solution calculated from Eqns. 27 and
29, respectively. The characteristic melting time (Tc) after
which Eqns. 30 and 32 return values that are very close to the
exact solution depends on the choices of distribution coeffi-
cients, the melting rate, and the porosity. Steady state is not
necessarily at infinite melting times and can be reached at a
characteristic time.

The values of (230Th/238U)` and (226Ra/230Th)` have been
frequently used to estimate melting porosity and melting rate
(Cohen and O’Nions, 1993; Hemond et al., 1994; Chabaux and
Alleg̀re, 1994). This estimate from the simplified equation is
applicable when the melting time is long (T . Tc). In compar-
ison, the pair of (231Pa/235U)` and (226Ra/230Th)` have seldom

Fig. 1. (A–C) variations of (230Th/238U), (226Ra/230U), and (231Pa/235U) as functions ofT (in years) andf at a constant
Ṁ (5 2 3 1024 kg/m3/year) for a garnet peridotite source. (D–F) variations of (230Th/238U), (226Ra/230Th), and (231Pa/235U)
as functions ofT andṀ for a constantf (5 0.4%) for a garnet peridotite source. Distribution coefficients:DTh (gt) 5 0.019,
DU (gt) 5 0.041,DTh (opx)5 0.0002,DU (opx)5 0.0005 (Salters and Longhi, 1999),DTh (cpx)5 0.015,DU (cpx)5 0.010
(Lundstrom et al., 1994),DTh (ol) 5 DU (ol) 5 DTh (sp) 5 DU (sp) 5 0.00001 (assumed). The mineral compositions for
garnet peridotites are gt 12%, cpx 8%, ol 59%, opx 21% (Beattie, 1993). The calculated bulk distribution coefficients are
DTh 5 0.00353 andDU 5 0.00583 for garnet peridotites. The bulk distribution coefficients for Ra and Pa are assumed as
DRa 50.0001 andDPa 50.0005 for garnet peridotites.
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been used but have a potential advantage over the frequently
used pair in that (231Pa/235U)` is empirically less sensitive to
the types of the source rocks (spinel peridotites or garnet
peridotites) compared with (230Th/238U)`. The disadvantage of
using (231Pa/235U)` instead of (230Th/238U)` at present lies in
the paucity of the data for (231Pa/235U)` in literature.

4. DISCUSSIONS AND SUMMARY

4.1. The Meanings of Melting Rate and Melt Extraction
Rate

Although the melting rateṀ plays an important role in
U-series modeling, this parameter has not been rigorously
defined in literature, which may have caused confusion in terms
of understanding the melting process. Essentially, in order for
Eqn. 1 to satisfy mass balance requirements for the dynamic
melting model,Ṁ should be defined as

Ṁ 5 2
1

1 2 X

d@rs ~1 2 f!~1 2 X!#

dt
(33)

wherers (1 2 u)(1 2 X) is the mass of the residual solid per
unit volume. Note thatṀ is a scaled parameter relative to the
amount of the total residue (12X) and has the dimension of
mass per unit volume per unit time (e.g., kg/m3/year). If we
divide Ṁ by the density of the total residue, or,rf f 1 rs(1 2
f), we can obtain a melting rate in per cent (of the total residue)
per unit time as

Ṁ9 5 2
rs~1 2 f!

rf f 1 rs~1 2 f!

1

1 2 X

d~1 2 X!

dt
(34)

Ṁ9 has a simpler dimension and is easy to understand as
compared toṀ. According to Eqn. 13, the rate of melt extrac-
tion (Ṁe) is

Fig. 2. (A–C) Variations of (230Th/238U), (226Ra/230Th), and (231Pa/235U) as functions ofT (in years) andf for a constant
Ṁ (5 1 3 1024 kg/m3/year) for a spinel peridotite source. (D–F) variations of (230Th/238U), (226Ra/230Th), and (231Pa/235U)
as functions ofT andṀ for a constantf (5 0.2%) for a spinel peridotite source. The mineral/melt distribution coefficients
are the same as those in Figure 1. The mineral compositions for spinel peridotites are cpx 18%, ol 55%, opx 25%, sp 2%
(Johnson et al., 1990). The calculated bulk distribution coefficients areDTh 5 0.00276 andDU 5 0.00193 for spinel
peridotites. The bulk distribution coefficients for Ra and Pa are assumed asDRa 5 0.0001 andDPa 5 0.0005 for spinel
peridotites.
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Ṁe 5 2
1

1 2 X

d$@rf f 1 rs~1 2 f!#~1 2 X!%

dt
(35)

where [rf f 1 rs(1 2 f)](1 2 X) is the mass of total residue
per unit volume andṀe is also a scaled parameter relative to the
amount of the total residue. The melt extraction rate in percent
(of the total residue) per unit time can be obtained by dividing
Ṁe by the density of the total residue, or,rf f1rs(12f), we
have

Ṁe
9 5 2

1

1 2 X

d~1 2 X!

dt
(36)

Comparison of Eqn. 33 with Eqn. 35 yields the relationship
betweenṀ andṀe

Ṁ

Ṁe
5

rs~1 2 f!

rf f 1 rs ~1 2 f!
(37)

which is Eqn. 9 in Zou (1998) obtained from a different
approach.

4.2. U-Series Modeling and the Degree of Partial Melting

Eqns. 27–29 express the variation of (230Th/238U), (226Ra/
230Th), and (231Pa/235U) in the extracted melt as functions off,
Ṁ, and T (f and Ṁ are implicitly included in the melting
parametera). One might wonder why some commonly used
parameters in trace element modeling, such as the degree of
partial melting (f) or the fraction of extracted melt (X), are not
included in these equations. This is due to the fact thatF andX
are also functions off, Ṁ, andT for U-series modeling. The
expression forX as a function off, Ṁ, andT has been given by
Eqn. 15. Andf is related toX by (Zou, 1998),

f 5 F 1 ~1 2 F! X (38)

whereF is the mass porosity and is related to volume porosity
(f) by

F 5
rf f

rf f 1 rs~1 2 f!
(39)

For U-series modeling, we have five parameters inf, Ṁ, T, f
andX. Since there are two equations (Eqns. 15 and 38) to relate
these five parameters, we have three independent parameters.
Theoretically, we can express (230Th/238U), (226Ra/230Th) and
(231Pa/235U) as functions of any three of the above five param-
eters except for the combination off, f andX. For example, we
may selectf, Ṁ, andf as independent parameters. By combing
Eqn. 38 with Eqn. 15, we have

f 5 F 1 ~1 2 F!H1 2 expF 2
ṀT

rs ~1 2 f!GJ
(40)

or

T 5
rs ~1 2 f!

Ṁ
1nS1 2 F

1 2 f D (41)

Substituting Eqn. 41 into Eqns. 27–29 results in the formula for
(230Th/238U), (226Ra/230Th) and (231Pa/235U) as functions off,
Ṁ, andf. However, doing so will make these equations unnec-

essarily complex. In practice, the selection off, Ṁ, andT leads
to the simplest formula.

The physical significance of melting time has not been well
handled before. Eqn. 41 is in fact the definition of melting time.
It can be seen from Eqn. 41 that iff 5 F, thenT 5 0; and if
f 3 1, then T 3 `. Accordingly, increasing melting time
reflects increasing degrees of melting in these time-dependent
melting calculations, and the scenario of infinite melting time
corresponds to total melting. Therefore, melting time is the
time period for the degree of partial melting increases fromF
to its final degree of melting at which the measured samples are
produced. Physically, given a certain melting rate, the low
melting times represent either simply a small amount of melt-
ing at low beta factors, or volcanism at the onset of complete
rifting.

4.3. Activity Ratios in the Residual Melt When f < F

Equations 27–29 describe the activity ratios in the extracted
melt whenf . F. In this section we will discuss the behaviors
of activity ratios whenf # F. Since there is no extracted melt
whenf # F, we only study the behaviors in the residual melt.
We will first describe the case whenf 5 F (or the initial
conditions) and then the case whenf , F. According to Eqn.
4, we have

FTh /FU 5
DU rs~1 2 f! 1 rf f

DTh rs~1 2 f! 1 rf f
(42)

Since the effective distribution coefficients for U and Th are

DU
eff 5 F 1 ~1 2 F! DU (43)

DTh
eff 5 F 1 ~1 2 F! DTh (44)

where mass porosityF is related to volume porosityf by Eqn.
39. According to Eqns. 42–44, we obtain

FTh /FU 5 DU
eff/DTh

eff (45)

Substituting Eqn. 45 into Eqn. 22 for the initial activity ratio,
we have

~230Th!f
0/~238U!f

0 5 DU
eff/DTh

eff 5
F 1 ~1 2 F! DU

F 1 ~1 2 F! DTh
(46)

Consequently, the initial ratio (230Th)f
0/(238U)f

0 is actually the
inverse ratio of effective distribution coefficient of Th over that
of U. According to Eqn. 46, the initial ratio whenf 5 F is
controlled byDU, DTh and F, and is independent of melting
rate. As for another case whenf , F, melting takes place in a
closed system, and the melting process is the same as batch
melting (Figs. 1 and 3 in Zou, 1998). ReplacingF in Eqn. 46
by f, we can obtain the equation forf , F,

~230Th!f /~
238U!f 5

f 1 ~1 2 f ! DU

f 1 ~1 2 f ! DTh
(47)

Therefore, whenf # F, (230Th)f /(
238U)f in the residual melt

only depends on the bulk distribution coefficients of Th and U
and the degree of melting (f), and is independent of melting
rate, which is unlike the case whenf . F.
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4.4. U-Series Modeling Vs. Trace Element Modeling

There is fundamental difference between trace element mod-
eling and U-series modeling of the extracted melt. Melting rate
affects U-series systematics but not stable element concentra-
tions, as pointed out by O’Nions and McKenzie (1983) and
Elliott (1997). Here we will explore this subject more quanti-
tatively. According to Eqn. 21, trace element concentration in
the extracted melt is a function off andX (or f and f) and is
independent of the melting rate (Ṁ). In comparison, on the
basis of Eqns. 17–19, the activities of U-series nuclides in the
extracted melt depend on the rate of melting. Although238U
and235U can be treated as stable nuclides for the time scale of
melting because of their long half lives, we can not treat
(230Th), (226Ra), and (231Pa) the same way. This is due to the
fact that, unlike238U and235U, the decay constants for230Th,
226Ra and231Pa are too large to be ignored when compared
with the melting parametera (see, e.g., Eqns. 9–10 and 18–
19). The difference between U-series modeling and trace ele-
ment modeling can also be shown graphically. We take U-Th
disequilibrium as an example. Figure 3A compares the relative
extent of U/Th fractionation versus ingrowth as a function of

melting rate. It can be seen that, for a given fraction of ex-
tracted melt and a given porosity, (230Th/238U) strongly de-
pends on the melting rate whereas the source-normalized Th/U
concentration ratio, [Th/U]melt/[Th/U]source, is independent of
the melting rate and is significantly lower than (230Th/238U).
Figure 3A can also elucidate an important point that could be
tied back into existing data sets. For example, Hawaiian basalts
have a large buoyancy flux (i.e. upwelling rate) and little
growth (Cohen and O’Nions, 1993; Sims et al., 1995) while
MORBs have much lower upwelling rates and considerable
ingrowth.

Both net elemental U-Th fractionation and230Th ingrowth
contribute to the total U-Th disequilibrium. The total U-Th
disequilibrium can be expressed as (230Th/238U)21, where
(230Th/238U) is calculated from Eqn. 27. Net elemental U-Th
fractionation can be expressed as [Th/U]melt/[Th/U]source21,
where [Th/U]melt/[Th/U]sourcecan be calculated from Eqn. 21.
Consequently, the230Th ingrowth can be expressed as (230Th/
238U) 2 [Th/U]melt/[Th/U]source. The relative contribution from
net elemental U-Th fractionation to the total U-Th disequilib-
rium can be quantified as

k 5
@Th/U#melt/@Th/U#source2 1

~230Th/238U! 2 1
(48)

The relative contribution of230Th ingrowth to total U-Th
disequilibrium is thus

1 2 k 5
~230Th/238U! 2 @Th/U#melt/@Th/U#source

~230Th/238U! 2 1
(49)

k strongly depends on the melting rate and its magnitude is
usually significantly less than 1 (Fig. 3B). Net elemental frac-
tionation is significant only when the melting rate is large. It
should be pointed out thatk is also strongly dependent on the
decay constant of the daughter nuclide. The larger its decay
constant (i.e., the shorter its half life), the smaller thek. This is
part of the reason why Th-Ra and U-Pa disequilibria are more
noted than U-Th disequilibrium in young lavas. Sincek is
usually significantly less than 1, we can not use the equations
for trace element fractionation to model (230Th), (226Ra),
(231Pa), (230Th/238U), (226Ra/230U), or (231Pa/235U) by assum-
ing that net elemental fractionation alone is responsible for the
U-series disequilibria. Otherwise, the inferred degree of partial
melting to produce basalts would be unrealistically too small.

In summary, this paper provides the equations for modeling
of U-series disequilibria during mantle dynamic melting and
evaluates the effects of melting porosity, melting rate, melting
time and distribution coefficients on U-series disequilibria. The
physical concepts of melting rate and melting time are clarified
and quantitatively defined. U-series modeling is quantitatively
compared with trace element modeling. Trace element fraction-
ation is independent of melting rate, in contrast, melting rate
plays an important role in U-series disequilibria. Both net
elemental fractionation and ingrowth of daughter nuclides con-
tribute to the total U-series disequilibria. The ingrowth of
daughter nuclides is dominant when the melting rate is slow
and when the half-life of the daughter nuclide is short. Since
U-series disequilibria can not be attributed to net elemental
fractionation alone, one cannot use the equations for trace

Fig. 3. (A) Variation of (230Th/238U) in the extracted melt as a
function of Ṁ for a fixedf (0.3%) andX (2.4%) produced by melting
of a garnet peridotite source. The value of [Th/U]melt/[Th/U]source

represents theTh/U ratio in the extracted melt normalized to its source
Th/U ratio. [Th/U]melt/[Th/U]source is calculated using Eqn. 21 for
stable elements. The identical[Th/U]melt/[Th/U]sourcecan also be cal-
culated using Eqns. 17 and 18 by settingl of every nuclide to be zero.
(230Th/238U) decreases as the melting rate increases, in contrast,[Th/
U]melt/[Th/U]sourceis independent of the rate of melting and is signif-
icantly smaller than (230Th/238U). (B) The relative contribution of net
elemental U-Th fractionation to the total230Th-238U disequilibrium as
a function of melting rate for a fixedf (0.3%) andX (2.4%). The bulk
distribution coefficients forU andTh in Figure 3 are the same as those
in Figure 1.
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element fractionation to model U-series disequilibria in young
lavas produced by mantle melting.
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