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1 Introduction Equation (1) was derived under the Boussinesq and

Despite a venerable history dating back at least to Had[\leae/wtoman. cooling approxlmatlons. In the closing sec-
[gn of their paper, HH discuss how these assumptions
(1735), a complete theory for the zonal-mean atmospheric

circulation has yet to emerge. Ideally, such a theory wou ght btc-_: reIaLt>I<Te]d tohacrcomronordfa_lrtetcorrr]pressrl]bl;e, r_acilattlvl((e i
quantitatively predict the structure and intensity of thie ctonvective atmospheres. Qurirst purpose here Is to take

culation given only planetary parameters such as radiHQ,c:h'§ Iead]: usmlg a splecmc radlagvet;con\(/jectlvz modr:el
rotation rate, gravity, obliquity, solar constant and dstaC derive a formula analogous to (1) but adapted to the

of the atmospheric composition and opacity. It wouf@diative-convective setting.
apply not only to Earth’s modern climate, but to ancient We limit our attention to atmospheres which are
paleoclimates and planetary atmospheres as well, prowtfectively dry, i.e. where condensation plays a negligibl
ing an important constraint on the detailed predictionsle. As discussed below, such atmospheres are of interest
provided by general circulation models (GCMs). in the planetary and paleoclimatological context. Dryness
An important step towards such a theory was takatso simplifies the treatment by avoiding the need to
by Schneider (1977) and Held and Hou (1980, hencefodbal with transport and release of latent heat and the
HH), who noted that the twin requirements of geostrophtomplexities of moist convection. Moreover, in a non-
(or cyclostrophic) balance and angular momentum (AMpndensing atmosphere all gases may be considered well-
conservation in a nearly-inviscid atmosphere imposenfixed, which avoids the difficult non-linearities arising
very strong constraint on the horizontal temperature stryghen the distribution of absorbers, and thus the radiative
ture; the further requir_ement of energy conser\{ation thgfiving, depends on the circulation itself.
leads to an elegantly simple prediction for the width of the Dry atmospheres have some unusual features when

tropical meridional ovgrtunjing or Hadlgy cell. Makin.%ompared to Earth’s. One is extreme seasonality. Earth’s

the small-angle approximation, HH obtain the eXpreSSKI’Qrge oceanic thermal inertia helps keep maximum surface

5 gH Ay 1/2 temperatures within the tropics in all seasons, but on dry

YH = 37022 J 1) planets we expect a solid surface with low thermal inertia,

) ) , which can lead to a heating maximum at or near the pole

yvhere ou is the latitude of the ce_lls poleward edge, during solstice. A second aim of this paper is to study the
is the gravitational acceleratio; is the height of the gy 4xisymmetric circulation under this extreme solstitia

cell, A is the fractional equator-pole drop in radiativesgating gradient. Furthermore, in a dry atmosphere both

cog_vectlvgﬁﬂmhbtrutj_m tertnperatura, is the planetary iiging and subsiding branches of the tropospheric Hadley
radius an € rotation rate. cell should follow the dry adiabat, raising some interegtin

_ . questions about the energetics of the circulation (see

*Correspondence to: Rodrigo Caballero, Meteorology andan&it Pierrehumbert, 2005, Sec. 6 below); the third aim of the

Centre, School of Mathematical Sciences, University @ell®ublin, : > ]
Belfield, Dublin 4, Ireland. E-mail: rodrigo.caballero@Lie paper is to shed some light on these questions.
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2 R. CABALLERO ET AL.

We retain throughout the axisymmetric and nearlpressure broadening, which also has an important effect
inviscid assumptions of HH. Our results are theren the stability of radiative equilibrium states. We adopt
fore incomplete as a description of the general circuM/R’s scheme, which is both analytically tractable and
tion, since large-scale zonally asymmetric eddies canrhere realistic than the gray-gas approximation, and we
expected to play a leading role in the maintenance alfo include a simplified treatment of pressure broadening
the mean flow (Walker and Schneider, 2006). Nonetheffects.
less, a more detailed understanding of the axisymmetric Sec. 3 presents an analytical derivation of tropopause
flow seems a useful step on the way to a comprehendmeel and the radiative-convective equilibrium tempematu
theory for the general circulation. As noted by HH, thstructure. A key result here is that tropopause level is-inde
importance of mixing by large-scale eddies may best pendent of latitude, a feature related to the meridionally
appreciated by studying the circulation which develops @onstant optical depth in an atmosphere with well-mixed
their absence. radiative absorbers. This allows us in Sec. 4 to follow

Dry Hadley cells occur in a number of planetary andH’s procedure to derive the width of the Hadley cell.
deep-time paleoclimate problems. In the cold climate 8&c. 5 shows that the width thus derived actually differs
a fully glaciated Snowball Earth there is so little watdrom HH’s, but only by a factor which is generally close
vapor in the atmosphere that the Hadley cell dynamiags1 over a broad parameter range. Sec. 6 again follows
is effectively dry; the Hadley cell heat transports cadH by using the cell width derived previously to compute
significantly affect deglaciation, yet the behaviour of thtbe energy transport and mass flux carried by the circula-
circulation as revealed in general circulation modelssidion. Sec. 7 presents a theory for Hadley cell extent under
a number of challenging questions that call for mosmlstitial conditions. Sec. 8 compares the present theory
fundamental study (Pierrehumbert, 2005). with full GCM simulations of Snowball Earth and mod-

The Hadley cell in the present Martian climate is alsern Mars, both of which have essentially dry atmospheres.
unaffected by latent heat release; this cell is a major playénally, Sec. 9 summarises our conclusions.
in the general circulation of Mars, and tends to be more
global in extent than Earth’'s Hadley cell (Lewis, 2003). o ] ]

One cannot appeal to a lower rotation rate on Mars 4o Model description and numerical solutions

account for the more global circulation, since Mars h
a similar rotation rate to Earth. The global extent must
due to some combination of the small size of the plan®¥e consider the axisymmetric primitive equations using
the radiative driving parameters, and the low thermalessure as vertical coordinate:

inertia of the planet’s surface. While all these effects

have been qualitatively discussed previously, puttingthe du _ v ou _ Ou + M ban o+ 20usin

in the context of a general Hadley cell theory can do ot a dp on  a

much to sharpen thinking about the effect of the various o (n? ou
parameters. In particular, it will provide a better basis fo + an <ﬁ”a_n)
understanding the nature of the Hadley circulation on a )
hypothetical Early Mars warmed by the effects of a dense
CO, atmosphere with surface pressure perhaps as large __rov v _uw tan ¢ — 2Qu sin

2 bars (Forget and Pierrehumbert, 1997). ot adp 9 a 3)

The global Hadley circulation of Titan may be 10 0 <77_2 @)
strongly influenced by condensation of methane, but cur- adp On HQVan
rent thinking about the planet embraces a range of pospin© vOInO oln® Q, Q.
sible degrees of dryness, dependlng_on the distribution 5, — T4 dp w an T T
of methane sources at the surface (Mitchell et al., 2006). 1o 2 90

. . . n
Therefore, the dry limit is of interest on Titan as well, as + == <—2M—>
an end-member of the family of possible circulations. ©dn \H>" 0n

The paper proceeds as follows. We begin in Sec. 2 (4)
by setting out our model equations and assumptions. Ow _ 1 i(v cos ) (5)

An important aspect is the choice of radiative scheme. on acosp Oy

The gray gas scheme is often used in theoretical work, o®  RT (6)

but is a poor approximation to the real absorption spec- ong n’

trum of most atmospheres. As shown by Weaver and

Ramanathan (1995) (henceforth WR), inclusion of nowhere

gray effects makes a qualitative difference, giving radia- n= P @)
tive equilibrium solutions with a smaller surface tem- Ps

perature discontinuity and a generally greater lapse ragepressure adimensionalised by surface presstre;
These differences will inevitably affect convection an#T/g is the local pressure scale height, and notation is
thus tropopause height, which is a key concern here. 8ferwise standard (e.g. Lorenz, 1967). Vertical diffasio
the same token, it is important to consider the effects @f momentum and potential temperature is included with

gzl Dynamics
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DRY HADLEY CELL 3

spatially uniform kinematic diffusivitiesy and i respec- is an equivalent bandwidth. The classical gray-gas approx-
tively. @, is the radiative heating rate (see below). imation is recovered by setting = 1. Figure 2 shows

is the convective heating rate, assumed strong enouglstor a 2 um interval centered at 1bm, a reasonable
maintain neutral stability in the troposphere at all times. choice to mimic absorption by GOThoughg is clearly a
practice, the numerical simulations presented here emplagction of temperature, we follow WR in neglecting this
standard “hard” dry-adiabatic adjustment: at each tidependence.

step, any statically unstable layers are instantaneously With these assumptions, Egs. (8)-(9) can be inte-
rearranged to be statically neutral while conserving dgyated spectrally and solved for the broadband upward

static energy. flux It = [[° I} d), yielding
/B )
2.2 Radiation It(r) = JTglefr/ﬁJr/ oThe(™'=T)/B g (12)
0
We use the two-stream plane-parallel approximation to ,
radiative transfer with an analogous solution for the downward flux. The
surface has been assumed to be a black body with
ary . temperatureT;. The heating rate is given by, =
- B ®) glepps) (It —17) . .
dI- Since we are considering atmospheres with no con-
—A = I — 7B, (9) densible component, we take all gases to be well mixed so
dry that¢ is constant in space and time. The simplest option

h bscriots indi | hd q would be to also takg, as a constant in space, butin gen-
where \ subscripts indicate wavelength dependeriGe, o5 e expect pressure broadening of absorption lines to

andI," are respectively upward and downward monochrgyye the atmosphere more opaque at lower levels, affect-
matic iradiancesB, is the Planck function and, is the jn4 the static stability and ultimately tropopause height.
optical path measured from the surface, Again following WR, this effect can be taken crudely into
account by including a linear dependence on pressure:

.1
Ps

™= D— kx qdn, 10

? 9/77 e (10) ky = koo(1 + 2r ), (13)

with k) the mass absorption coefficientthe absorber whereky, is the top-of-atmosphere absorption coefficient

mixing ratio andy the gravitational acceleration, afitl~ Wwhile » measures the sensitivity &f to pressure. Substi-

1.66 is the “diffusivity factor” approximately accountingtuting in (10) yields

for integration of radiance over a hemisphere (Elsasser, )

1942). ;e <1 _ntrm > (14)
For wavelength dependence, we follow WR and Ltr

assume an atmosphere transparent to solar radiation bﬁjére Bkoy(1 + r)gDps /g is the total broadband
Too = Pkob r)qDps/g

with a piecewise-constant longwave absorption profif@f.

WR focused on the case of water vapour, using an absd? ical depth of the gtmosphere._To S|mpl!fy_ matters,
what follows we will only consider two limits: the

tion profile which was constant and positive throughoh SR . .

the spectrum except for a transparent band represenmﬁfk pre§sure broadening limit— 0, which givesr =
the water vapour window, where the absorption coefficielit 1 . )3 gnd the strong p”iss“re broadening lim:
was set to zero. Here, we are more interested in gases Sepvhich yieldsr = 7o (1 — 7).
as CQ, which has the opposite profile: it is zero every-

where outside of a few narrow bands. To capture the badi@ Surface

character of this absorption spectrum, we use a “top hgfie atmosphere is coupled at its lower boundary to a

profile: thermodynamic slab of fixed heat capacity. A linearised
ky = { kp for Ay <A <Ay (11) bulk aerodynamic formulation is used to transfer sensible
0 otherwise. heat and momentum between the atmosphere and the slab:

wherek; is a constant. We refer to the resulting radiative

model as “band-semigray”. Fs = oy(Ts = To) (15)
A broadband, Planck-weighted optical depth can be By = —yuo (16)
defined as F, = -0, a7)

T=[0T
Ay where F,, F, and F,, are fluxes of sensible heat, zonal

wherer, is the in-band optical depth given by (10) wittand meridional momentum respectively (defined positive
ky replacingk,, and upwards); Ty, uo and vy are respectively temperature,
zonal and meridional velocities near the surface, and the

B A2 wBAd/\ exchange coefficienty = poCyU, where py is surface
p= N, oT? density,U is a surface velocity scale taken to be 10 m
Copyright(© 0000 Royal Meteorological Society Q. J. R. Meteorol. So@0: 1-27 (0000)
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4 R. CABALLERO ET AL.

s~!, andC,; = 0.0013 is an adimensional constant. Thaffect the structure or position of the tropopause, which

temperature of the sldb; evolves according to remains essentially horizontal with no break at the pole-
ward margin on the Hadley cell.
C% = S+1I; —oT!—F, (18) There are really two distinct circulations: a narrower,
ot vigorous cell confined to the troposphere, and a broader,

much weaker circulation embracing both the troposphere
£nd stratosphere, which we will refer to as the “deep”
cell. It is not surprising to find a circulation also within
the stratosphere, given the strong horizontal temperature
. gradients there. The weakness of the deep cell is due to the
2.4 Insolation large static stability in the stratosphere (see Sec. 6hdn t

We consider two idealised insolation profiles (Fig. 1). Trénual-mean case, a weak indirect “Ferrell” cell appears at
first is the equatorially-symmetric second-order Legendf€ poleward margin of the the tropospheric cell, leading

polynomial commonly used in idealised studies of tHe @ region of surface westerlies (not shown). A similar
Hadley cell: feature was found in the least viscous cases studied by

HH; as they point out, this arrangement is necessary to
balance the convergence of zonal momentum into the
descending branch of the Hadley cell by the nonlinear
vorticity transportv. Itis interesting to note the “jump”in
wherey is latitude,Sy is the global-mean insolation andhe cross-equatorial low-level return flow of the solstitia
A, is the fractional equator-to-pole drop in insolatiorzase, which has been discussed by Pauluis (2004).
This gives a good fit to annual-average insolation on plan-  The gray contours in the annual-mean case, Fig. 3a,
ets with obliquity greater than about,5A, decreasing show that AM has been entirely homogenised within the
with increasing obliquity. The second case is antisyftopospheric cell. Streamlines and AM contours cross in
metI’IC around the equator, in an idealization of SOlStitiﬂ:‘e subsiding branch of the deep Ce”’ indicating a S|gn|f|_
conditions: cant role for viscosity there. In the solstitial case (Fid),3

AL o AM is again homogeneous within the tropospheric cell;

S =25 [1 - = (3 sin? (— - —) — 1)] , (20) the deep cell shows generally good alignment between
3 2 4 streamlines and AM contours, though with some cross-

where A, now gives the fractional pole-to-pole chang@g’ suggesting an active if weaker role for viscosity than
in insolation. Surface albedo is taken to be 0: this dolsthe annual-mean case.

not imply a loss of generality, since a nonzero albedo is Figure 4 presents zonal wind profiles in the numer-
equivalent to a smallef,. ical simulations. Comparison with the “AM conserving”

profiles (dashed lines) shows that AM is conserved to
a perhaps surprisingly good approximation at the top of
the deep cell in both annual-mean and solstitial cases,
Before proceeding to theoretical developments in lawith very intense jets appearing at the poleward mar-
sections, it is useful to examine some typical featuresgifi of the Hadley cells (in the Figure 4b, the jet maxi-
the circulation as it appears in a numerical solution ofum is actually stronger than the AM-conserving wind
the model outlined above. The equations are discretidgbed on the equatorial AM; this occurs at a single grid
on a regular grid with 121 points from pole to pole angoint, and we believe it to be a numerical error due to
30 points in the vertical. For these reference simulatioitise very strong lateral shear at this point). Jet structure
we take the gray-gas limit3(= 1) with a total optical at the top of the annual-mean deep cell is very similar to
depth 7, = 1; this is an arbitrary choice not meant téhat seen in HH (see their Fig. 5). As air descends in the
approximate any particular planetary atmosphere. We @sitropical branch of the deep cell, strong shear allows
Earth-like values for other parametess= 6370 km, Q) = viscosity to play an important role, and the jets become
27/86400 s7', g =9.8 m s2, R=1287 J kg! K~!, progressively weaker and smoother. Wind profiles within
cp = 1005.7Ikg t K~1, S, = 300W m~2andA, = 0.6. the tropospheric Hadley cell are again close to the AM-
The sensitivity of the circulation to these parameters dsnserving limit, with weak but discernible jets at the cell
studied in Sec. 4. For vertical momentum diffusivity wboundary. Further poleward (at around 2&titude in the
take v = 0.5 m? s~!. This viscosity will be used in all annual mean case) there is a secondary, broad wind max-
simulations presented in this paper. imum corresponding to the tropospheric section of the
Figure 3 displays results for both the equatoriallyeep cell’s subsiding branch.
symmetric (annual mean) and antisymmetric (solstitial) As discussed in HH, the role of viscosity depends
insolation. As is apparent in Figs. 3c,f, potential tempesn the ratio of a dynamical timescale, to a vis-
ature has been vertically homogenised in the tropospheoeis timescale, ; viscosity should be negligible when
so isentropes are vertical there. The parameter setting usg/7,, < 1. The relevant dynamical timescale in the sub-
here puts the radiative-convective equilibrium tropogausiding branch of the Hadley cell is the time taken to sub-
atn, = 0.61. The presence of a circulation does not greattyde through the depth of the cell, which can be estimated

where(C is the slab’s heat capacity per unit aréas the
insolation andl; is the downward longwave flux at th
surface.

S =Sy 1*%(3Sin2<p71) (19)

2.5 Numerical solutions: structure of the circulation

Copyright(© 0000 Royal Meteorological Society Q. J. R. Meteorol. So@0: 1-27 (0000)
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DRY HADLEY CELL 5

directly from the vertical velocities observed in the simand surface temperature

lations. For the annual-mean case, we fipd~ 106 s for

the tropospheric cell and 1@ for the deep cell. The cor- s S2B+17x)

responding values for the solstitial case aré d0d 16 s. 75 = 28+ (1-8)T0’
Using a simple scaling of the viscous term in the

zonal momentum equation (2)’ we can estimate the W@lCh are very Similar, if not exactly identical, to WR’s

(22)

cous timescale for the bulk of the flow as Eq. (11). WR discuss these solutions in detail, including
the effects of pressure broadening, and show that they are
H? (An\? considerably more realistic than the gray-gas solutions.
v~ (%) J Here, we go a step further and solve for the

tropopause level and temperature profile in radiative-
difference across the cell ang is the typical pressure@Pproach of matching a convectively-adjusted tropo-
within the cell. For the Earth-like choice of parameters #Pheric temperature profile with fixed lapse rate to a
An/no ~ 1 then givesr, ~ 101 s. Thus,7p /7, < 10~ Yung, 1989; Held, 1982; Thuburn and Craig, 2000).
for the tropospheric cell in both cases, consistent witFequiring continuity of temperature and upward radiative
AM conservation there. On the other hang,/7, ~ 0.1 flux across the tropopause, and assuming that surface tem-
for the deep cell of the annual-mean case, in line wii¢raturel;; equals near-surface temperatiifewe obtain
a greater role for viscosity there. For the solstitial deépe€ Appendix)
cell, p /7, ~ 0.01, suggesting an intermediate role for

viscosity in that case. 2+ (1 —1)/B P = TP /.Tt/ﬁ4:<;e(‘r‘rt)/ﬁd7_/ﬂ
The above discussion does not account for the AlH (7o — 7¢)/8 0 7
conservation observed at the model top in both runs. We (23)

argue that a more relevant dynamical timescale here is Y{e€re subscript indicates quantities evaluated at the
time taken to traverse thieorizontal extent of the cell. foPopause, and = R/c,, with R the gas constant and
Given the cell widths and meridional winds observed i the specific heat capacity. Together with (14), this
the simulations givesy, ~ 10° s for the annual-mean caséS an implicit equation for the tropopause level in
and 10 s for the solstitial case. Furthermore, at least fi'MS Of 7o, #, § and r. Equation (23) assumes the
the annual-mean case, much of this time is actually spRPOSPheric lapse rate is dry adiabatic, but it could gasil
in the low-shear zone near the equator, where viscodi§ 9eneralised to an arbitrary lapse rate by replaginig
will have less effect. The viscous timescale will also éder the integral with a suitable functionsaf .
different: since we are near the top of the atmosphere, Equation (23) cannot be solved analytically but is
no < 1 (specifically,y = 0.015 at the midpoint of the top rgadlly sqlved numerically tp yield the rgsults shown in
model level), leading to a considerably longer than Fig- 5. Fig. 5a shows that in the gray limit= 1, and
for the bulk of the atmosphere. Overall, these argumef#80ring the effects of pressure broadenimg=(0), the
suggest a much smaller valuef /7, near the top of the {fopopause rises as. increases whem < 1/4, while
model than in the bulk of the deep cell. for x> 1/4 it approaches the ground. Thus, gray-gas
The circulations shown here are not perfectly steadgdiative-convective equilibria at large, are essentially
the simulations show some amount of transient activify Oy one of two regimes: “all troposphere”, where the
particularly in the troposphere (the figures show averagaég're a:tmo_sphere IS conyectw_el_y mixed, and “all strato-
over the last 1000 days of 3000-day simulations). THENEre", with no convective mixing at all. The two are

heat and momentum transports by these transients catarated byl a sharp transitiory@?t: 1/I4' Inltermedi?te f
in principle be strong enough to violate the nearly-imdsciT0POPause elevations are possible only at lower values o

assumption. On the other hand, HH provide arguments’to: . )

suggest that the transients should generally play a small 1he band-semigray case (Fig. 5b) shows these
role. To assess this question, we have explicitly compufgine qualitative features, but with the binary all-
the heat and momentum budgets for the circulation §igPOSPhere/all-stratosphere region shifted towardefow
several model runs; we find in all cases that the transi¥A{u€S 07 This is becausg only enters (23) as a scal-

terms are negligible compared with the time-mean tern{8 factor of optical path, so that a band-semigray atmos-
phere has the same tropopause height as a gray one but

with 7, increased by a factor af/ 5. Introducing pressure
broadening (Fig. 5¢) destabilises the all-stratospheue eq
libria, so that the all-troposphere regime becomes domi-

The band-semigray scheme can be solved in radiafi@t. .
equilibrium (see Appendix) to yield the temperature pro- Equation (23) also shows that has no dependence

3 Theory for tropopause height

file on S, so that tropopause level is independent of latitude (in
i S+ T —T) agreement with the flat tropopause seen in the numerical
oI = T 1) simulati Fig. 3). A It, the radiative- i
28+ (1= B)7os simulations, Fig. 3). As a result, the radiative-conveztiv
Copyright(© 0000 Royal Meteorological Society Q. J. R. Meteorol. So@0: 1-27 (0000)
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6 R. CABALLERO ET AL.

equilibrium potential temperature takes on the separadle Theory for Hadley cell width in the equatorially-
form symmetric case

07 = €5 (p) P(n) (24) i the final section of their paper, HH outline how their

where©( ¢ is the vertically uniform tropospheric potentia‘heory_\’vmc.h e”.‘p'oys 'the Bgmssmesq a}pproxmanon
and treats diabatic heating using Newtonian cooling—

temperature and® is an adimensional vertical profile”™ . hib tended t bl diati .
which is constant in the troposphere and follows radiatif@9"t D€ extended to a compressivlie, radiative-convective

equilibrium in the stratosphere. These take the form atmosp'he're. In this sgctlon we flesh out'that OUtl”.]e using
the radiative-convective results of previous section. We

oree _ begin by reviewing key results from HH. Eqgs. (29)—(37)
o= below are essentially identical to corresponding equation
S\ /4 1+ (Too — ) /8 /4 in HH, and are reproduced here only for the reader's

( ) (2677?” A=A+ (70 - n)/m) convenience.
(25) As in HH, we assume that the circulation is not strong
enough to significantly perturb the vertical temperature
structure away from its radiative-convective equilibrium

g

and
value. This means that the potential temperature retains
{ 1 for n > the separable form
P 1/4 -k ) (26)
B+Too—T
(4==)" (&) = othemwise. 6 = (p) P(n). (28)

dwhere Oy is the tropospheric potential temperature and

Both the tropopause leve] computed from (23) an . o ; o . X
Pop ol P (23) is the radiative-convective equilibrium vertical profile

the separability condition (24) will be used extensive
below, so it is worth examining their limits of validity. 6). i . . . .
The predicted tropopause level can be in error because The first step is to integrate the equation for gradient
the assumption that surface temperatiifeequals near- wind balance
surface temperatufg, cannot really be true, since surface

cooling by turbulent heat flux—which feeds convection on (29 sing u +
in the troposphere—requir@s — T, > 0. As can be seen

from (18), over the depth of the cell. Using assumption (28) and

_S+1y - oT? 27) neglecting surface winds, this gives
Cp?Y

tamqu) _ 1RO )

a a Oy

T, — Tp
tangp o R o 00 (30)

Y2 -
a P a = Op

. . . . 202 si o
so the error will be large for strong insolation, high SIP thtop +

infrared opacity and weak surface exchange coefficient. ] ]
Under these conditions, not only will predicted tropopau¥&€reusop is the cell-top zonal wind and
levels will be in error, but the meridional insolation L
gradient will induce a significant tropopause slope, and ¢ = / Py 1dn (31)
the separability assumption (24) may also fail. Neop

Figure 6 compares numerically simulated tropopause . .
levels with those predicted by (23) over a range of pdr-an adimensional constant. _
ameter settings. The predictions are quite accurate except SSUming that air rises vertically at the equator,
for strong insolation. Sensitivity to insolation is show frying the same AM as the surface, and then moves
by the 6 points in Fig. 6 marked with inverted triangle 'or|zont_ally poleward along the top of the cel[ while
which correspond te, = 300, 1200, 2700, 4800, 24300c0Nserving AM, the cell-top zonal wind can be written
and 76800 W m? respectively moving from left to right.
Note that the error is not too severe evendpr= 2700 W Utop = Qa
m~2, which corresponds roughly to the orbital radius of
the solar system's innermost planet, Mercury. Note algohstituting this expression in (30) and integrating merid
that these simulations emplgy= 1, and the error would jn4ly gives
be considerably reduced with the smalvalues associ-
ated with CQ. On the other hand, a low-density atmos- 02a? sin ¢
phere such as Mars’s will have a weak surface exchange ©o(¢) = Bo0 — 2¢1R cos? o’ (33)
coefficient and the error will be enhanced; however, com-
parison with Mars GCM results in Sec. 8 suggests thahere© is the value ofd, at the equator.
even in this case the error is not too severe. By solving the Hadley cell width is determined by the twin require-
surface energy balance (18) it would be possible to extenénts that (i) the energy budget of the entire Hadley cell
the theory to make the tropopause level predictions maseclosed, and (ii) the temperature structure (33) matches
accurate, but we will not pursue this here. the radiative-convective equilibrium profile continugusl

sin¢

(32)

cosp
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DRY HADLEY CELL 7

at the cell boundary. In a dry atmosphere, the total flux of the equal-area construction, and thus does not affect
dry static energyt = ¢,T" + g~ across a latitude line canHadley cell width, though it does affe@,. However,
be obtained diagnostically from the top-of-cell radiativ® is in fact always quite close to the radiative-convective

imbalance (Peixoto and Ort, 1992): equilibrium value: in numerical simulations spanning a
- broad parameter range, we found tBgt did not deviate
Fn(p) = 2ra cos v = 2ma’ / A(¢) cos @' dy! from ©55¢ by more than a.few percent, even for parameter
0 settings that produce a wide tropospheric cell. Thus, in the

o (34) tropospheric case we s, = 0Of5¢ and solve (36)—(37)
where an overbar represents the vertical integral Wily ;. andr;;
op*
respect to pressure from the cell top to the ground and Further insight is possible by using the small-angle

approximation, so that (40) takes the form
A=S—1f +17, (35) PP (40)

202920/2
is the top-of-cell radiative imbalance. Thus, requirersent  A(¢) ~ Ao — SoAsp® + 09307@4 (41)
(i) and (ii) above translate respectively into
whereA is the radiative imbalance at the equator. Equa-

on ) i .
/ A(g) cos pdp = 0 (36) tions (36)—(37) can then be solved analytically to give

Alpg) =0 (37) o — <§AR0)1/2, 2)

whereyy is the latitude of the cell’s poleward boundar@
These equations amount to an “equal area” construct lﬂere
employing top-of-cell radiative fluxes (see HH).

0

RT.A,

To proceed, we need to relate the cell-top infrared Ro = 02q2 (43)
fluxes I}, and I, to the known temperature structure ler /T \°
£ H . . 1 e
(33). This is straightforward for the upwelling flux if A = 1o <®,.ce) (44)
00

we again make the separability assumption (28), and if
we also assume that surface temperature and near-surazkewe have introduced the characteristic temperature
atmospheric temperature are close enough that their dif- U
ference may be neglected. With these two assumptions, T (50) /

we may write ra (45)

g

I+

top

= 02093 (38) . 3 .
An expression forogse can be derived from Eq. (25),

where which shows thatl depends on.., 5 andx and only very
Teop /B weakly onA,. ThusA andRo are essentially independent,
ca=1-p(1— e Tor/B) 4 / Piptre(t=Tep)/B gy With A containing all dependence on radiative-convective
0 parameters anfo (a thermal Rossby number) containing
(39) dependence on “dynamical”’ parameters. Note the absence
of g in Ro.
_ Figure 7 compares the theory with the results of
Alp) =So(1+A:/3) + Igy numerical simulations spanning a broad parameter range.
02a? sin? * The parameters and their corresponding ranges are listed
( 2% R > in Table I. As is apparent from the figure, the theory
(40) s quite accurate over the entire range. The small-angle
approximation (dotted lines) fails at widths greater than
For the deep celll,,, is zero. Substituting (40) into (36)_5_1bout 30, but solutions retaining full trigonometry (solid
(37) then gives two equations in the two unknovig lines) are accurate even for the widest cells.
andpg. The equations can be solved numerically using a
root-finding algorithm. 5
The tropospheric case is more complicated, since
I,, is then the downwelling flux from the stratospherésquation (42) can be re-written in a form that clarifies
one should first solve for the deep circulation, and utfee connection with HH'’s Boussinesg, Newtonian cooling
the temperature structure thus found to compijfg. result(1). Noting thattropopause height within the Hadley
In practice, this step can be avoided by making sorpell is to a good approximation given by
further simplifying approximations. Note firstly that the

The cell-top radiative imbalance is then

Connection with Held and Hou'’s result

deep cell is always much wider than the tropospheric cell; H =c RO , (46)
as a result, there is almost no meridional temperature 9

gradient in the stratosphere above the tropospheric @l obtain

(see Fig. 3c,f), and,,, can be taken to be constant. This 5 gH: Ay 1/2

assumption implies thaf,, does not affect the geometry o = f (g 0242 ) (47)
Copyright(© 0000 Royal Meteorological Society Q. J. R. Meteorol. So€0: 1-27 (0000)
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8 R. CABALLERO ET AL.

which makes it clear that our result is in fact identical tihick. Figure 8a shows that ~ 0.5 under these condi-

HH’s aside from the factor tions. Consistently, the present theory predicts a celtlwid
about half as large as HH in these two cases, and is in
_ T Ay 1/2 4 better agreement with the numerical results. Perhaps the
;= (62(9686)4 4AH) ' (48) greatest uncertainty in the comparison between theory and

simulation is in the choice of cell height: it may be argued
Recall thatA; is the fractional equator-pole droghat if the poleward flow is not tightly concentrated near
in insolation, while Ay is the corresponding dropthe tropopause but occurs over a broad layer, as it does in
in radiative-convective equilibrium temperature. Sinamr simulations, then one should use an effective height
o5 o S/ (see Eg. 25), it can be shown thafl,,; corresponding to the mean mass flux, which would
As/4A g ~ 1. Further,T2 /c2(055¢)* is the ratio between be lower thanH, and bring HH’s prediction closer to
upward longwave flux at the top of the atmosphere attte numerical results. However, even the extreme assump-
at the tropopause. Overall, we expgck 1, so that (47) tion that the mean mass flux is in the mid-troposphere,
predicts a smaller cell width for a given cell height thaH,,; = 0.5H,, gives a correction to the cell width of only
HH’s formula (1). The difference will be large only fory/0.5 = 0.7, i.e. a 30% reduction, which is still far from

atmospheres with an optically thick stratosphere. the 50% reduction required to bring HH'’s estimate into
The parameter dependencefd$ presented in Fig. 8. line with the numerical results in cases 2 and 4 of Fig. 9.
As expectedf is close to 1 for smalt,, ands3, which give As shown in Fig. 8, smalf requiresg ~ 1, 7o, >

optically thin atmosphered. is close to 1 even for largel and weak pressure broadening. These conditions will
T @nd@ when pressure broadening is strong, which givearely be simultaneously satisfied. By and large, atmos-
a high tropopause (see Fig. 5) and thus a thin stratosphpheric gases have simple molecular structures and their
A direct comparison between theory and numericabsorption spectra are generally concentrated in fairly
results is presented in Fig. 9. Gray dots compare cedrrow bands, leading to sma#l. Moreover, larger,,
width in numerical simulations with that predicted bgenerally requires a considerable mass of the gas to be
solving HH'’s Egs. (13a, 13b), which use the Boussineptesent, which will typically lead to pressure broadening
and Newtonian cooling assumptions, setting cell heiglitowever, on a planet with small surface gravity may be
equal to the radiative-convective tropopause height (48)le to accommodate large mass with relatively small sur-
and taking Ay = A,/4 (we have checked this latteface pressure). Thus, smdllrequires a gas with a very
approximation to be accurate to better than 7%). Theoad absorption spectrum which is also a strong enough
exact solution is shown, without recourse to the smadlbsorber to give large optical depth in small concentra-
angle approximation. The black dots show solutions tions; it is difficult to think of examples of such a gas
our Egs. (36)—(37) using (40), again without making thehich, in addition, does not condense. Nonetheless, small
small-angle approximation. The difference between tiigemains at least a theoretical possibility which is worth
two estimates, visualised by the length of the verticabinting out. However, we emphasise that cases present-
lines in Fig. 9, is generally small, particularly in casesg a large divergence between HH's formula and ours
5 and 6 which use smalb. In cases 1, 3, 5, 6 andoccupy a small region of parameter space; over most of
7 our radiative-convective theory cannot be said to g@rameter space, our result is essentially indistingbisha
an unambiguously better job at predicting the numeridedm HH’s.
cell width than HH. Several effects contribute towards
a mismatch between theory and simulations: the role of
non-zero viscosity in the simulations, the use of the tRe
approximatiorBoo = O;;5°, uncertainty in the exact valueg|ying (36)(37) forA, with the small angle approxima-
of H;, and failure of the separability assumption (28}, yields
Another difference between the radiative-convective case
and Newtonian cooling is that the radiative relaxation rate
in the former is spatially varying, while it is constant ireth
latter; however, this is more likely to affect the strength
rather than the width of the cell. Overall, it seems safaibstituting into (41) and integrating meridionally, the
to conclude that the difference between the two theorRidergy transport (34) can be explicitly determined. The
is comparable to the difference between either theory dfi@ximum transport occurs af’ = ARo/3, and has the
the numerical results, making the two theories empiricaMglue
indistinguishable in these cases. T . T, 3/2
We have also included two cases (2 and 4) in which Fmee = z5750"50As¢p = o570 S0 As(AR0)™™.
the difference between the two theories is greater. The (50)
parameter settings in these two casesmre= 5 and 10 Thus, for any given cell width the energy flux simply
respectively,3 =1 andr = 0 (no pressure broadening)scales with the solar forcing gradient. The Rossby num-
These parameter settings give low tropopause leygls ( ber and optical thickness affect the maximum flux only
0.77 and 0.85 respectively), so roughly 80% of atmoghrough the width of the cell; a wider cell means that more
pheric mass is in the stratosphere which is thus opticatigt solar energy must be transported from one place to

Energy transport and mass flux

1 5
Bo= tS0Agh = DS AR (49)
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DRY HADLEY CELL 9

another. In particular, the optical thickness of the atmd&< The optically thin limit

phere has only a weak effect on the heat flux, via t . . -
parameterd which enters into the determination of thﬂethe temperature of the tropics were horizontally uni

. ) ) . . ?orm, then the air parcels circulating in the Hadley cell
cell width. Thus, for a dry planet in which static Stab'“%vould ascend andpdescend along t?\e same traje?:/tory in

IS u'naffectgd by the circulation, warming the atmOSphefreemperature-entropy space, and therefore could do no
by increasing its greenhouse effect alters the heat flux

. . rk. In this case, the circulation must cease, since work
only insofar as the increased greenhouse effect makes the L ST o

; must be done to offset frictional dissipation of kinetic
Hadley cell wider or narrower.

Figures 10a,b compare the predicted scaling\gf energy in the boundary layer. This situation arises in the

X ; . ._optically thin limit, 7., — 0. In this limit, the atmosphere

and heat flux against numerical results. In the simulation L ; L

. o . . cannot lose entropy radiatively in the subsiding branch.
the heat flux is measured by meridionally integrating t ; ; : o

T . htropy is then homogenised in the interior, though con-
top-of-cell radiative imbalance, using the second equallf .. o e
. . . A uction from the surface maintains an entropy gradientin
in (34)—what is sometimes called the “implied” hea

, : a shallow boundary layer.
flux. The energy budget of the tropospheric cell is not In The optically thin limit can be seen as a manifestation

fact closed, because this cell is embedded in the lar%?rSandstrbm’s result (Sandstrom, 1908: Defant, 1961)
deep cell, and there is some advective heat transqﬁrt | ' '
the

through the boundaries. The transport term through gt a fluid whose sources and sinks of heat (or entropy)
are at the same pressure can do no work, so all motion

top of the cell has little meridional structure, however ust cease (see also Paparella and Young (2002) and
and can b.e approximately _removeq by SL_Jb_tractmg t@% 15 of Vallis (2006) for an alternative derivation of
cell-mean imbalance before integrating meridionally. Thé . ™ . . : .
. a similar result). Numerical simulations employing very
figure shows generally good agreement between theoer . 2
. : . small 7, show that the atmosphere slowly fills with air
and simulations for both the tropospheric and deep cellmc otential temperature equal to the warmest surface
The heat flux scaling tells us how much heat the P P . equ S .
) . eimperature until all gradients in the interior are wiped ou
Hadley cell must transport, but it does not give us much 0 . . . .
and motion ceases, aside from a very shallow circulation

an inkling as to how the circulation actually accomplishée Fiven by the small amount of thermal diffusion from

the required transport. Indeed, itis notglear howthetroq%e ground (analogously, in the oceanic context where
spheric cell can transport heat at all, since dry convectlgn '

S andstrom’s work originated, the basin fills with the
relaxes the troposphere to a state of consganwhich is : .
. . coldest, densest water). As the infrared optical depth
also a state of constant dry static enedgysincedY =

¢, T dIn ©. The answer, as shown in Fig. 11, is that the cdjcreases, the emission level lifts off the ground th.e
. . o . _Tesulting pressure difference between heat source and sink
generates its own static stability through two mechanisms:. " : ; . !
Fi \ . é)(_armns a deep, vigorous circulation to exist.
irstly, the cell's poleward branch homogenises uppér
tropospheric potential temperature to the equatorialejalu
thereby generating some static stability in the subsidilng Width theory for solstitial insolation
branch. Secondly, the cell penetrates some way into the o ) o ) ]
stratosphere and advects potentially warmer stratogphé&$ Shown in Fig. 3d, the antisymmetric insolation profile
air into the top of the tropospheric subsiding brancRroduces a single cell with ascent in the summer hemi-
adding to the static stability there. sphere and descent in the winter hemisphere. Assuming
If AY is the dry static energy difference between tffice more that air rises vertically to the top of the cell

bottom and top of the cell, then the mass flux carried Bjid then moves horizontally to the subsiding branch, all

the circulation is the while carrying the surface value of AM, cell-top zonal
wind is given by

Foow wa? Sy ga?q

V ~ ~
AY 53/2¢, T Aln®’

(51)

cos?p — cos?p

(52)

Utop = Qla
CcoS
where we have used (50) afids a reference temperature.

Thus, if Aln© is independent of cell widthy should (Lindzen and Hou, 1988), wherg, is the central lati-
scale like p%,. The behaviour ofV’ in the numerical tude of the rising branch. It is then possible to perform
results is shown in Fig. 10c. Note that, as mentionedan equal-area construction using energy constraints anal-
Sec. 2.5, the tropospheric cell is much stronger than thgous to the equatorially-symmetric case and solvefor
deep cell: for a giverpy, both cells have the same heandyy (the poleward boundary of the descending branch)
flux (Fig. 10b), but the deep cell has much greaiét so as described in Lindzen and Hou (1988), with the differ-
a much weaker mass flux is required. The deep cell's masse that here only a single, cross-equatorial cell forms
flux scales ag® throughout, implying that the mass fluxsince the maximum of our insolation profile is directly at
is in all cases too weak to modify the static stability set lije summer pole.

the radiative-convective equilibrium. For the tropospher ~ However, this procedure leads to a large overesti-
cell, they?,; scaling holds up tey ~ 20° but appears to mate of Hadley cell width. The discrepancy can be under-
break down thereafter, suggesting that beyond a certsinod qualitatively with the following argument. Near the
threshold the mass flux is strong enough to significandguator, the solstitial insolation profile (20) is lineardn
modify the background temperature structure. with slopeA;. Since directly at the equator the upwelling
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10 R. CABALLERO ET AL.

infrared flux at the cell-top boundary;; ,, is less than or the symmetric case, the equal-area construction matches a
equal to the insolation at the equator, the slopgpfmust quartic to a quadratic (see Eq. 41), while in the antisym-
exceed the slope of the insolation profile in the summ@etric case the construction matches the quartic (54) to
hemisphere. The theory accomplishes this slope conditibg linear function (55). The prediction of 1/3-power law
by a sharp, vertical updraft reaching to the tropopauséaling is robustly borne out by comparison with numeri-
which creates a discontinuity @tp at the latitude of the cal simulationsin Fig. 12. We lack a theoretical constraint
updraft,,;. The simulations do not have a sharp, vertict fix the value ofa and therefore of, which must be
updraft; rather air rises in an arc-like trajectory from theferred empirically by optimizing the fit to numerical
surface aty; to the top of the cell at the equator. Thus, th@imulations. The important point is thatis a “univer-
assumption that (52) is the zonal wind at the tropopawgd” constant, independent of model parameters (though
is violated in the summer hemisphere (see Lindzen aadifferent value oft: is required for tropospheric and deep
Hou, 1988, for additional discussion of this point). Theells). Since: only depends on the structure of the circu-
simulated[t'gp is no longer equatorially symmetric, whicHation, the implication is that cell structure is invariaat
allows energy balance in the cell to be achieved. Howevelianges in cell width and depth.
(52) holds in the winter hemisphere, and with additional The insolation in the antisymmetric case is meant to
assumptions this fact can be used to construct a scaifiproximate solstice conditions. Our derivation assumes
law for the width of the cell. that the surface has low thermal inertia, so that the surface
Detailed examination of a range of numerical sim@nergy budget comes into balance and all solar radiation
lations suggests a more accurate construction based orgdpgorbed at the surface is instantaneously converted to
following assumptions: (i) air parcels near the top of thgpward turbulent and radiative fluxes. This assumption is
cell move horizontally in the winter hemisphere, from th@ppropriate to Mars and Snowball Earth, but in the open
equator topy; (i) |¢1] = alew|, wherea is a constant water of the Earth’s present tropics, the thermal inertia of
independent of any planetary parameters; (iii) the circul#€ ocean would considerably mute the seasonal cycle of
tion transports heat from the summer to the winter hentiie Hadley circulation.
spheres with no convergence at the equator, so that the
temperature there remains near radiative-convective ecg,Ji
librium. We do not have any fundamental justification for
these assumptions, whose motivation is entirely empiricak an illustration of the theory presented above, we com-
They hold robustly in numerical integrations spanninggre it here with previously published simulations of dry
broad region of parameter space. planetary atmospheres using 3-dimensional GCMs with
Assumption (i) allow us to use the wind profile (52nore sophisticated radiative transfer schemes and sub-
and the gradient wind equation (29) to obtain the wintejridscale parametrisation. As pointed out in the Intro-
hemisphere temperature profile duction, our axisymmetric theory is at best an incom-
plete account of the general circulation, since asymmet-
sin®p — sinp; 2 4 ric eddies are missing as are other confounding issues
( ) TR (the radiative effect of dust in Mars’'s atmosphere being
(53) an example). Thus, comparisons such as those presented
which using the Sma”_ang|e approximation gives below should be viewed with great caution: major diSCfep'
ancies between theory and simulations will point to inad-
02a? equacies of the theory’s underlying assumptions, while
Iigp = 20 <@30 - 268061—3@4 - 250%2)) - 5% close agreement could be purely coincidental and should
not be viewed as proving the theory’s validity.
Expanding the insolation profile (20) to first order around The first example we consider is present-day Mars,

Application to Mars and Snowball Earth

QQGQ

BO0(¢) = B0 — 5e R

cos

the equator, which has an atmosphere consisting of 95%.,C@e
S~ Sy + SoAs , (55) remainder being mostly N Surface pressure is only
2 610 Pa (6.1 mb), and maximum surface temperatures
imposing radiative-convective equilibrium at; and are around 250 K. Observations show a well-mixed dry-
using assumptions (ii) and (iii) then gives adiabatic surface layer some 10 km deep, which crosses
over to more stable stratification above 200 Pa (Leovy,
on = — (CAR0)1/3 7 (56) 2001). Numerous GCM studies of the Martian circulation

exist in the literature (e.g. Barnes and Haberle, 1996;
where Ro and A are defined by (43) and (44) as beford;orget et al., 1999; Lewis, 2003). At equinox, the mass
while ¢ is a function ofa. Note thatpy is negative here streamfunction has a somewhat complex structure, but
because we have chosen the insolation maximum to bevim may discern in each hemisphere an intense shallow
the northern hemisphere. cell filling the convectively-mixed layer with a width of

Thus, Hadley cell width in the antisymmetric case some 20-30°, embedded in a weaker, broader circulation
controlled by the same two adimensional parameters asvinich is evanescent in height but reaches up to at least the
the symmetric case, but this time with exponent 1/3 rathePa level; this deeper cell has a width of somé-&0r.
than 1/2. The reason for this difference is geometric: Buring solstice, the circulation has a simpler structuse: a
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in our axisymmetric simulations (Fig. 3d), there is a singénd CQ is the dominant absorber. At equinox, the GCM
cross-equatorial circulation with an arc-like rising behn produces twin tropospheric Hadley cells with a poleward
and a much more vertical subsiding branch. The polewandrgin around 20 latitude and a cell top between 300
margins of the rising and subsiding branches are roughlyd 400 hPa (Pierrehumbert, 2005, Fig. 9). Because ozone
equidistant from the equator. There is again an intensepresent in the stratosphere of these simulations, we do
shallow cell withp g ~ 15°-20°, and a weaker deep cellhot expect our theory to apply to the deep cell and will
with g =~ 50°—60°. not consider it here. In the rising branch of the tropo-
For the theoretical estimate, we use the follovgpheric cell, the temperature follows the dry adiabat up
ing parametersi = 3.396x10° m; Q = 7.088x107°s~!; to about 400 hPa, so we may identify these cells as tro-
x = 0.19, appropriate for a pure GOatmosphereS,; = pospheric cells. At solstice, the model produces a single
70 W m~2, which takes into account a planetary albedmll which is roughly symmetric around the equator and
of 0.25; A, =1, since at equinox the insolation at thbasyy ~ 20°. We compare with theoretical values com-
pole is zeror,, = 0.1 andj3 = 0.05, a reasonable choiceputed using the following parameter$; = 130 W m=2,
for the 15um CO, absorption band at Martian temperawhich takes into account the mean albedo of 0.6 used
tures (see Fig. 2). We assume weak pressure broademinthe GCM simulationsA; = 1; 7o, = 0.3, estimated
(r = 0), given the low surface pressure. These parametising a spectrally-resolved radiative transfer code with
values yieldn; = 0.44, which puts the top of the con-100 ppm CQ; ands = 0.05. We also assume strong pres-
vectively mixed troposphere at 270 Pa, in rough agremre broadening, which is reasonable given the 1000 hPa
ment with observations (use of the strong pressure broadrface pressure. Other parameters have the same values
ening limit puts the top of the troposphere at 180 Pased for the reference case in Sec. 2.5. For these parameter
also in rough agreement with obsevations). For this paaluesy; = 0.35, which puts the tropopause at 350 hPa, in
ameter settingRo = 0.62 and A = 0.16 for the tropo- good agreement with the GCM. Furthermof&; = 0.29
spheric cell, whileA = 0.93 for the deep cell. The cor-andA = 0.18 for the tropospheric cell, which gives; ~
responding widths (which can be read off from Fig. 7a20° at both equinox and solstice, again in agreement with
allowing for the different value oft) are about 20for the the GCM. This agreement may be fortuitous, however:
tropospheric cell and 45for the deep cell, giving a rea-numerical results by Walker and Schneider (2006) using
sonable match to the shallow and deep cells identifiedan eddy-resolving model with dry-adiabatic background
the GCM results. Using the same adimensional paramettatification show that Hadley cell width in fact asymp-
values and Fig. 12, we can also predict cell widths ftstes to about 20as tropopause height and insolation
the solstitial case; we findg ~ 20° for the tropospheric gradient increase.
cell and 60 for the deep cell, again in agreement with  Applying to Snowball Earth the same scaling argu-
the GCM. We conclude, overall, that in present Mars tineent as discussed for Mars, this time for a tropospheric
troposphere is very shallow and the circulation is dorgell 20° wide, gives an equinox mass flux of about
nated by the deep cell: it is for this reason, and becaus@40x10®® kg s !, overestimating the GCM’'s 16410°
the planet’s smaller radius, that the Hadley cell on Makg s~! (Pierrehumbert, 2005, Fig. 9). This again points
appears so much wider than on Earth. to eddy effects the overestimate here is less severe than
The Hadley cell mass flux on present Mars undéar the Martian troposphere; the reason for this differ-
equinoctial conditions can be estimated by reading @ffice is unclear to us. As atmospheric {gncentration
from Fig. 10c the adimensional mass flux and multiplyinigcreases, we expect both, and 3 to increase. These
by a?SoAs/c,T. ~ 4 x 10° kg s~1. For a deep cell of 45 have opposite effects on cell width: a tenfold increase in
width this givesV ~ 2 x 10° kg s!, which is somewhat 7, increases the theoretical width to“23vhile a ten-
greater than the 0.5-110° kg s~! shown by GCM sim- fold increase ing3 reduces the width to 4 We thus
ulations (Barnes and Haberle, 1996; Forget et al., 1988pect oy to be fairly insensitive to C@Q The same
Lewis, 2003). For the tropospheric cell, taking its width tshould be true for heat transport and mass flux, which
be 20 gives a theoretical mass flux of 12@0° kg s™!, in the present theory depend only on width. The GCM
which vastly overestimates thelx10” kg s~! seen in simulations indeed show the mass flux to be nearly inde-
the GCMs. This large difference most likely points to theendent of C@ up to concentrations of 12,800 ppmv
effect of large-scale eddies, whose vertical heat transp@ierrehumbert, 2005, Table 2). However, the circulation
will significantly increase the static stability in the tmp strength increases rather sharply as,@@reases further
sphere (Schneider, 2004) leading to a reduced overturniod.2 bar, and neither our scaling theory nor our steady
mass flux. eddy-free simulations account for this behaviour. Another
The second case we consider is “hard” Snowbakpect of the GCM simulations that is quite different from
Earth, the completely ice-covered state thought to habe behaviour reported in the present work is that substan-
existed about 750 million years ago during the Neoprtial low level stability is generated in the winter subtropi
terozoic (Hoffman et al., 1998). A detailed GCM study dh the GCM, which plays a considerable role in the heat
this climatic state (Pierrehumbert, 2005) shows that ttransport. In contrast, in the scaling theory and idealised
high albedo yields tropical surface temperatures belgimulations, essentially all of the required static sigbil
250 K; at these temperatures the hydrological cycleissgenerated near the tropopause. The low level stability
very weak, the effects of latent heat release are negligiblso allows the surface and low level atmosphere to have
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strong temperature gradients across the tropics, somevidaither near the ground: (> 1/4) or near the top of the
in the fashion of the surface temperature in the opticadlymosphereq < 1/4). Pressure broadening always raises
thin case we have considered in the present work. e tropopause. There is no dependence on insolation; as
think the most likely candidate for generation of low level result, the tropopause is horizontal.
static stability in the GCM Snowball simulations is theffi) The circulation always consists of two cells: a strong,
mal transience—the fact that the low levels cool mugcblatively narrow cell entirely contained in the tropo-
faster in the course of the seasonal cycle than do the upggiiere, embedded in a weaker, broader “deep” cell which
layers, which moreover helps to suppress convectionethbraces both troposphere and stratosphere.
is also possible that eddy heat fluxes in the winter heriif) Under equatorially symmetric insolation, cell width
sphere are playing a role. The question will have to hg; = (3 ARo)'/?, where A depends only on the
resolved in future work involving seasonally varying ideradiative-convective parameters mentioned in (i) wiiite
alised simulations and parameterised eddy fluxes. depends only on insolation, planetary radius and rotation
rate. There is no dependence on the gravitational accel-
eration or on the total mass of the atmosphere (except
indirectly throughr,).
We have presented a semi-analytical analytical thediy) The cell width predicted by this theory is smaller than
for the depth, width and strength of the steady-statBat of HH, but over a broad parameter range the differ-
axisymmetric, nearly-inviscid Hadley cell in a dry bandence is negligible.
semigray atmosphere. A major limitation of this theorfy) A is always greater for the deep cell than for the tropo-
is its disregard of the potentially overwhelming effect gfpheric cell, so the former is always wider than the latter.
horizontal momentum transport by zonally asymmetrideat transport depends only on cell width, so the deep cell
eddies (Walker and Schneider, 2006), which may maklvays carries more heat than the tropospheric cell.
the predictions of axisymmetric theories irrelevant to t{ei) The tropospheric cell generates non-zero static sta-
full 3-dimensional general circulation. Though we haJglity within the subsiding branch partly by horizon-
shown some success in comparing the present theoryally homogenizing upper-tropospheric temperature to the
full GCM simulations of planetary atmospheres, it shoukfuatorial value and partly by advecting stratospheric air
be realised that this success may be fortuitous (see Secw)) relatively high potential temperature into the suptro
A related caveat is that the nearly-inviscid assumisal subsiding region. This self-generated static stibili
tion is particularly delicate in the present dry contexallows the cell to transport energy.
where convection is active throughout the troposphedi) The meridional energy transpoft, ~ a®SoA¢?;.
(unlike the moist case in which convection is generallshe mass flu¥” also scales ag3; except for tropospheric
suppressed in the subsiding branch of the cell). Verticallls broader than 20 The mass flux and energy trans-
momentum transport by convection can be strong in dpgrt vanish in the optically-thin limit,, — 0, which can
boundary layers on Earth, and could destroy the AM cdpe understood as a consequence of Sandstrom’s effect.
servation on which the present theory is based. On {wéi) Under solstitial conditions, o = (cA Ro)'/3,
other hand, numerical simulations (see e.g. Fig. 11) shaiuerec is an empirical constant.
that convection is in fact suppressed in the upper brar{et) The theory compares very well with axisymmetric
of the Hadley cell, which is the key region for AM confiumerical simulations. Cell widths compare reasonably
servation. In fact, we argued in Sec. 6 that this suppregell with full GCM simulations of Mars and Snowball
sion is not incidental but is essential to the functionirgarth under both equinoctial and solstitial conditiond, bu
of the cell—if convection were not suppressed, the célhdley cell mass fluxes are overestimated by a large fac-
could transport no heat and thus could not convert avdd+, especially in the troposphere.
able potential energy to sustain itself against dissipatio
Moreover, convection is not present in the stratosphere, so
this caveat does not apply to the deep cell. In any ca8eknowledgements
assessing the effects of convective momentum transport
remains an important goal for future work. We thank the three anonymous reviewers for insight-
A further limitation, discussed in Sec. 3, is thé&l and constructive comments. Work supported by US
assumption of a negligible difference between surface ddational Science Foundation grant ATM-0121028.
near-surface temperature. The difference can be signifi-
cant under strong insolation and weak surface exchange
coefficient, in which case the predicted tropopause ley¥pendix: Derivation of band-semigray radiative
will be in error. Comparison with GCM results for Margquilibrium solutions and tropopause height equation
and Snowball Earth (Sec. 8) suggest that the error is not . o
severe in those two cases, however. We present here details of the derivation of Egs. (21)—(23).
We summarise our main conclusions as follows; 1€ derivation is facilitated by defining
(i) Tropopause height depends on optical depth band-

9 Conclusions

width 3, the ratiox = R/c, and the degree of pressure Py = I{-1I; (57)
broadening. At large, and/or smallg, the tropopause Iy = LI +1I] (58)
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so that the radiative transfer equations (8) and (9) take teferences

form
Barnes, J. R. and R. M. Haberle, 1996: The Martian zonal-
an —J\ + 27B\ (59 mean circulation: Angular momentum and potential
dry vorticity structure in GCM simulationsl. Atmos. Sgj.
2& . (60) 53, 3143-3156.
-
A Defant, A., 1961:Physical OceanographyPergamon
with boundary conditions Press, New York.
= Jy at the top (61) Elsasser, W. M., 1942Xeat transfer by infrared radiation
Fx+Jyx = 2B\(T,) atthe surface. (62) in the atmospheteHarvard Meteorological Studies,

Vol. 6. Harvard University Press.

Radiative equilibrium and planetary radiative balance ] ) )
imply Forget, F., F. Hourdin, R. Fournier, C. Hourdin, O. Tala-

"00 A grand, M. Collins, S. R. Lewis, P. L. Read, and J.-
BdA=Fy+ (1 =)ol =S (63) P. Huot, 1999: Improved general circulation models
\ _ of the Martian atmosphere from the surface to above
where F, = [ Fad). Integrating (57) over wavelength 80 km. J. Geophys. Resl104, 24155-24176, doi:
then gives 10.1029/1999JE001025.
Jy = 2BcT* (64)
o ) Forget, F. and R. T. Pierrehumbert, 1997: Warming early
where J, = [ Jxd). Integrating (58) over wavelength \ars with carbon dioxide clouds that scatter infrared
and vertically up to the top of the atmosphere yields radiation.Science278 1273—1276.

0

Jooo = Jo = =Fy(Thoo — 7o), Goody, R. M. and Y. L. Yung, 198%tmospheric Radi-
ation: Theoretical Basis2d ed., Oxford University

which using boundary condition (61) leads to Press.

Jo = Fp(1 + Tooo = 7) (65) Hadley, G., 1735: Concerning the cause of the general

Analogously, integrating (58) up from the surface and trade windsPhil. Trans. Roy. So£29, 58-62.

using boundary condition (62) gives Held, I. M., 1982: On the height of the tropopause and
(66) the static stability of the tropospherk.Atmos. Scj32,
412-417.

Equations (63)—(66) are 4 equations in the 4 unknowlqgld |

£, Jy, T andT, which can be trivially solved to yield the symmetric circulations in a nearly inviscid atmosphere

radiative equilibrium temperature structure (21), (22). JyAtmos Sci37 515-533 y P :
To derive the equation for tropopause height we™ e dl )

proceed as follows. Firstly, note that by definitiéfl = Hoffman, P. E. A. J. Kaufman, G. P. Halverson, and

(Fb + Ju)/2. Using (64) and (65) evaluated just above the p p. Schrag, 1998: A Neoproterozoic snowball Earth.
tropopause, where radiative equilibrium prevails, we havegjence281, 1342-1346.

Jy = 2B0Td — F,(14 7).

. M. and A. Y. Hou, 1980: Nonlinear axially

It = <2+Tboo — Tb> BoT} (67) Leovy, C., 2001: Weather and climate on Malature
14+ Thoo — T 412 245-249.

where subscriptindicates quantities evaluated just abovgyis, S. R., 2003: Modelling the martian atmos-

the tropopause. On the other hand, we can explicitlyphere Astron. Geophysd4, 6-14, doi:10.1046/).1468-
evaluate the upwelling radiative flux at the tropopausez004.2003.44406.x.

using (12). Given that the tropospheric temperature pro-

file follows the dry adiabat, so th&t = T:(n/n:)", and Lindzen, R. S. and A. Y. Hou, 1988: Hadley circulations
assuming the the difference between surface temperaturier zonally averaged heating centered off the equdtor.
and near-surface atmospheric temperature is small enoughtmos. Scj.45, 2416—-2427.

to be neglected, we have
Lorenz, E. N., 1967The nature and theory of the general

circulation of the atmospheréNorld Meteorological

Tbt
I;Q — 77;4:1 (/0 774He7'b_7'btd7-b + e—Tbt) ﬁO’Tt4 (68) Organization_

where subscript now indicates quantities evaluated judtlitchell, J. L., R. T. Pierrehumbert, D. M. W. Frier-
below the tropopause. Imposing that bdthand I;” be  son, and R. Caballero, 2006: The dynamics behind
continuous across the tropopause allows us to equate (67jitan’s methane cloud®roc. Natl. Acad. Sci. USA9,

and (68), leading to (23). 18421-18426, doi: 10.1073/pnas.0605074 103.
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Parameter Meaning Unit Reference value Range
a Planetary radius m 0.25—3
Q Rotation rate 5t 0.25—3
Ay Eg-pole insolation drop  — 0.33—1.66
Too Optical depth — 0.1—20
K R/cp, — 0.7—2
I} Bandwidth — 0.05—1

Table I. Parameter ranges spanned by numerical simulatRarge bounds are expressed as multiples of the referehee va
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Figure 1. Equatorially symmetric (solid) and antisymmetri
(dashed) insolation profiles.
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Figure 2. Temperature dependencefbtomputed with a 2um
spectral interval centered at 15n.

Copyright(© 0000 Royal Meteorological Society Q. J. R. Meteorol. So@0: 1-27 (0000)
Prepared usingjjrms3.cls DOI: 10.1002/qj



18 R. CABALLERO ET AL.

S e Sl
-40-30-20-10 0 10 20 30 40 -40-30-20-10 0 10 20 30 40 -40-30-20-10 0 10 20 30 40
¥ @ ¥

Figure 3. Numerical results using the equatorially symioeir “annual mean” insolation profile (top row), and the apthmetric or

“solstitial” profile (bottom row). (a,d) Streamfunctionlfgk contours) and angular momentum (gray contours). Goritderval for the

streamfunction is 0.2 of maximum value within the area sHagiay, with the outermost contour at 0.1 of the maximum; idetshis

area, the c.i. is 0.002 of the maximum. Solid lines indicat:elockwise circulation, dashed lines clockwise. Camt':mterval for angular

momentum is 1dm? s7! in (a) and 2<10° m? in (d). (b,e) Zonal wind, c.i. 5 ms" for speeds up to 35 m's, c.i. 10 m ! thereafter,
zero contour bold. (c,f) Potential temperature, c.i. 5 Krfr390 to 325 K, and 25 K thereafter.
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Figure 4. Zonal wind (ms) in the troposphere (black solid lines) and in the stratespkgray lines) for (a) the reference annual-mean run

and (b) the reference solstitial run. The wind is plotted Ev@ls: top model level (thick gray) = 0.1 (thin solid gray),y = 0.3 (dotted

gray), tropopause (thick black),= 0.75 (thin solid black) and; = 0.9 (dotted black). Dashed lines show zonal wind correspontting
constant angular momentum fixed at the equatorial value.
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Figure 5. Adimensional tropopause levglas a function ok andr-, assuming (aj = 1 and no pressure broadening; (b= 0.1 and
no pressure broadening; (8)= 0.1 and strong pressure broadening.
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Figure 6. Comparison of tropopause lewglin numerical simula-

tions with that predicted by Eq. (23). The relevant paransetas

indicated by the legend) have been varied over the rangeensino
Table I..Sp has been varied as discussed in Sec. 3.
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Figure 7. Sensitivity of Hadley cell width ; to adimensional parameters @y and (b)A in the equatorially-symmetric case. Black lines
and symbols refer to the tropospheric cell, gray to the deipSymbols show results from numerical simulations. lohesimulation, a
different dimensional parameter—as indicated by the ldgerach panel—was varied away from the reference valuéfigubin Table I.
Hadley cell width in the simulations is estimated from theifion of the jet maximum at cell top. The jet maximum is meaduas the
latitude of the grid point at which zonal wind reaches itst fireximum starting from the equator. “Cell top” for the deefli &s taken as
the top model layer, and for the tropospheric cell as the firlagier containing the radiative-convective equilibriuragopausey.. Dotted
lines show the theoretical estimatewf; using the small-angle approximation, given by (42). Satiéd show the estimate ofy without
the small-angle approximation, obtained by numericallyisg Egs. (36)—(37) using (40). In both estimates, the tbthe deep cell is
taken as the midpoint of the top model laygr= 0.015, while the top of the tropospheric cell is taken to beyat ;. In (a), A is held
constant at 0.09 for the tropospheric cell and 0.61 for trepaell. In (b),Ro = 0.22.
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Figure 8. Values of, the ratio of Hadley cell width predicted by the present tg@nd by HH, forx = 2/7 in the case of (a) no pressure
broadening and (b) strong pressure broadening.

Copyright(© 0000 Royal Meteorological Society Q. J. R. Meteorol. So€0: 1-27 (0000)
Prepared usingjjrms3.cls DOI: 10.1002/qj



24

R. CABALLERO ET AL.

4
30}
20 6
*
= E
= v 3 ° 5
k5] =S
8 2 3
[}
2 10/ .
Nad
T
S-

3 6 10 15 20
¢y (numerical)

30

Figure 9. Comparison between tropospheric Hadley cell widt
numerical simulations and theoretical predictions. Thepgarison
is performed for 7 cases, each represented in the figure bydteo
joined by a vertical line and identified by a number. For eaa$ec
the upper (gray) dot shows the width estimated by solvingiaet
equal-area equations using the Newtonian cooling appratiamas
in HH, while the lower (black) dot shows our radiative-coctive
estimate (see text for further details on how the theoretistimates
are obtained). Numerical cell widths are estimated as ledtan
Fig. 7. For each case, numerical values are plotted alonakttissa
and theoretical values along the ordinate; the dasheddifieates
a perfect match. Case 3 employs the default parameter gettin
(Table 1), while other cases use: (&)= 3ao, whereag is the
default planetary radius; (2 = 5; (4) a = ao/4, Toc = 10; (5)

B =10.5; (6) 3 =0.05; (7)a = ao/3.
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Figure 10. Numerical results for (a) adimensional radétiibalance at the equatdy /(SoAs); dotted line shows theoretical prediction
3 /6; (b) adimensional energy transpdt.... /(a>SoAs), computed using by meridionally integrating the cell-tagiative imbalance
according to the second equality in (34), with cell top defimes in Fig. 7; dotted line shows theoretical predict'vop?;l/53/2; (c)
adimensional mass fluX/(a?SoAs /¢, T. ), whereT. = (So/0)*/4, computed as the maximum value of the mass streamfunctidtect
lines are proportional tg?;, solid line is proportional te . Black lines and symbols refer to the tropospheric cellygoethe deep cell.
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305

Figure 11. Close-up of the tropospheric cell in the equaligri

symmetric reference run (Fig. 3a), showing streamfuncfwon-

tours, c.i. 0.1 of maximum value) and potential temperafahad-
ing, c.i. 0.5 K).
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Figure 12. Asin Fig. 7a but for the equatorially antisymruoatase.

To optimise the fit, the value af has been arbitrarily set to 2/5 for

the tropospheric cell and 3/5 for the deep cell= 0.13 for the
tropospheric cell andl = 0.92 for the deep cell.
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